THE CALDERON PROBLEM FOR CONORMAL POTENTIALS,
I: GLOBAL UNIQUENESS AND RECONSTRUCTION
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1. Introduction

The goal of this paper is to establish global uniqueness and obtain reconstruction,
in dimensions n > 3, for the Calderén problem in the class of potentials conormal
to a smooth submanifold H in R™. In the case of hypersurfaces, the potentials
considered here may have any singularity weaker than that of the delta function
&g on the hypersurface H; in general, these potentials correspond to conductivities
which are in C'*€ and thus fail to be covered by previously known results.

Let Q C R™ be a bounded Lipschitz domain, H C Q a smooth submanifold
of codimension k, and ¢ € I*(H) a real conormal distribution of order p with
w<1—k. Thus,if H={x: Fj(z) =0,1 <j <k} is alocal representation of H
by means of defining functions with {VFj : 1 < j < k} linearly independent on H,
then locally ¢(z) has the Fourier integral representation

1 o) = [ T a0, ae St
Rk

where S’ denotes the standard class of symbols of order p and type (1,0) on
R™ x (R*\0). (Here, we use the order convention of [12] rather than [16].) A
general element g € I*(H) is a locally finite sum of such expressions. We assume
throughout that supp(q) is compact in Q. If —k < p < 0, then g satisfies |g(z)| <
C - dist (z, H)"**, so that ¢ € Lﬁ_f(ﬂ),‘v’e > 0, and no better in general;
in particular, a general element of 7#(H) is unbounded. For comparison, surface
measure dy € I9(H) and, in the hypersurface case, a Heaviside discontinuity across
H belongs to I71(H).

Rather than working with the Dirichlet-to-Neumann map, A4, we state our main
results in terms of the Cauchy data, CD,, of sufficiently regular solutions of the
Schrédinger equation

(1.2) (A + g(x))u(z) =0 on Q.

This is more flexible, since CD, can be defined for potentials ¢ for which A, is either
not defined (for example, if A = 0 is a Dirichlet eigenvalue) or is not known to be
defined (due to the low regularity of ¢(z)); it is perhaps more natural as well.
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It will be convenient to write p = v — k. Assume that 1y(k) < v < 1, where

vo (k) = maz(%,1— %). Fix p and r satisfying

k  def def 2k
m = T'O(k,l/) <p0(k‘,ll) = A < p<oo.

(1.3) 2<r<
(If v < vo(k), just pick p and r for some v/ > vy(k).) Fixing a smooth function
P € C°(R™),9 =1 near 9N and int{tp = 0} N Q # ¢, define the norm

(1.4) F e = [[fllLe@) + [|AFl| o 0) + I fllw2r ()

where p' is the dual exponent to p and W27 is the standard Sobolev space of
f € D'(Q) having two derivatives in L"(Q). Set

(1.5) XP7(Q) = {f € D'(Q) : [|fl|xer < 00}

and note that the Schrédinger operator A+¢ maps X?7 () — L*' () continuously.
We denote throughout this paper by n the unit outer normal to 2.

Definition. For a potential ¢ € I*(H) with H Nsupp(q) C int{y = 0}, the Cauchy
data of the Schrédinger operator A + q relative to XP"(Q) is

8
(16) €D, =CDP" = {(u|39, 6_1;'89) u € XPT(Q), (A +q)u=0 on Q}

By Sobolev embedding, CD, is a subspace of W2+ (89) x W1~ +7(d8). Ob-
serve that if the Dirichlet-to-Neumann map A, s defined (on W2—+7(8Q), say),
then CD, is simply its graph. We will construct certain nontrivial exponentially
growing solutions u € XP" (), so that, for the potentials considered, CDj is in fact
nontrivial. We can now state our first result.

Theorem 1. Suppose that for j = 1,2, H; CC Q) are submanifolds of codimension
k;. Suppose further that q; € I* (H;) are real potentials with vo(k;) — k; < pj <
1 — k; and supp(q;) CC Q. Let p,r satisfy 2 < r < min(ro(ki,v1),r0(k2,v2)) and
maz(po(k1,v1),p0(ka,v2)) < p < 00 and suppose that 1» = 0 on a neighborhood of
H, U H,. Then CD,, = CD,, relative to XP"(Q) implies that ¢ = g2 on .

We also show that under the same assumptions as in Theorem 1 for the potential
we have a reconstruction procedure, that is we can reconstruct ¢ from CD, (see
Theorem 2 in section 3 for more details).

Global uniqueness was established in [32] for n > 3 (for smooth potentials) and
[26] for n = 2; for n > 3 this was extended to ¢ € L™ in [27]. The regularity
was further lowered to ¢ € L? in unpublished work of R. Lavine and A. Nachman
and to potentials of small norm in the Fefferman-Phong class in [4]. Note that for
—"T_2k < pu <0,k < %, a general element of I*(H) fails to be in L= (12).

The isotropic conductivity problem, where one considers the Dirichlet-to-Neumann
map for L, = V(v - V), can be reduced to the Schrédinger problem via the substi-

1
tution ¢ = —A—('yf—), and thus the analogue of the Theorem holds for conductivities
2
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v; € I"*17¢(H;) — C*¢(Q2),V¥0 < € < 1. Currently, the best general global
uniqueness result known for n > 3 is for v € C%, proved in [28], building on [2]
and using the general argument of [32], while the best known result for n = 2
is v € WHP(Q), p > 2, proved in [3] using the d technique of [1,25,26]. Global
uniqueness for piecewise-analytic conductivities was proven [20], and special types
of jump discontinuities were treated in [17].

Here, we will follow the general argument of [32], although employing a different
integral identity so as to avoid difficulties when applying Green’s Theorem. It is
this identity that makes X" a convenient space for the problem; indeed, both sides
of [oAu-v —u-Avdr = [, 0nu-v —u-dyvdo are continuous with respect to
|| - || x».r and thus Green’s Theorem holds for u,v € XP"().

We now start the proof of Thm. 1, so as to motivate the technicalities that
follow.

Given a submanifold H of codimension k and a potential ¢ € I*(H) with p < 1—
k, we will construct exponentially growing solutions of (1.2) belonging to X?"(12), of
the form v(z) = e *(1+(z, p)), with p € C" satisfying p-p = 0. Let v; € XP"(Q)
be a solution of (A + ¢;)v; = 0. By the hypothesis of Thm. 1, there is a solution
vy € XP(Q) of (A + g3)vs = 0 with

v Ov
(1.7) v2lp0 = vilae  and 6_rf|69 = 8_T;|69'

Let wo € XP7(Q) be any other solution to (A + g2)ws = 0. Then,
(A+g)(v1 —v2) = (A+@u = (A+q + (@2 —q1))v1 = (@2 — 1)1,

so that

/(q2 — q1)viwodz :/ (A + @2)(v1 — v2) - wadx
Q Q

:/ (A + @2)(v1 —v2) ~wa — (V1 — v2) - (A + g2)wadx
Q

(1.8) :/ A(vy —w2) - wa — (v1 — v2) - Awadz
Q
= o0 O 1 2 2 1 — U2 3nw2 o

=0,

where the application of Green’s Theorem is valid since v; — v and ws € XP" and
the last equality holds by (1.7). If we carry this out for the solutions vy and ws
constructed below for complex frequencies p; and ps satisfying p; + p» = —i€, with
& € R™\0, then we have, as in [32],

o) 0= /Q(ql — q2)6(01+ﬂ2).z (1 + 4 (x,p1)) (1 + ¢2($,p2))d$ |

—

=(q1 — q2)(§) + /Qe_ig'z((h — q2) (Y1 + Y2 + Y1¢hy)dx
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If one can do this for pairs (p1, p2) with |p;| = oo and show that the last integral
— 0 as |p| = oo, then ¢ (§) = ¢2(£); doing this for all £ € R™ will finish the proof
of Thm. 1.

As is well known, v(z) = e”*(1 4+ (x)) is a solution of the Schrédinger equation
iff ¢ is a solution of

(1.10) (A, +q) = —q(z) where A, =A+2p-V.

We will show in Prop. 2.6 that (1.10) is uniquely solvable, with some decay in |p|,
in a Banach space of finite-regularity conormal distributions associated with H,
yielding exponentially growing solutions v; € X" to (1.2) which allow the argu-
ment above to be carried out. In §3, this result is extended to a hybrid global space,
and this is applied to obtain reconstruction of the potential from the Cauchy data,
following the general argument of [25]. Finally, in §4 we show that uniqueness can
fail in a weak formulation of the problem for potentials with very strong singular-
ities on a hypersurface, with blow-up rates corresponding to those of distributions
conormal of order greater than 1 for H.

We would like to thank Steve McDowall for valuable discussions, and the referee
for pointing out an error in the original version of this paper.

2. Uniqueness for conormal potentials

As described in the Introduction, to prove Thm.1, it suffices to construct ex-
ponentially growing solutions to (1.2) of the form v(z) = e”*(1 + ¢(z,p)) for
p-p=0,|p| = oo so that the second integral in (1.9) tends to 0 as |p| = oo. To do
this for potentials ¢ € I*(H), the standard space of (infinite-regularity) conormal
distributions of order u associated with the codimension k submanifold H, we will
also need to formulate Banach spaces of finite-regularity conormal distributions in
R™ associated with H. Rather than working in unnecessary generality, we will re-
strict ourselves to the spaces needed here; unlike [23],[22], where several other types
of finite-regularity conormal spaces are defined using iterated regularity with respect
to Lie algebras of tangent vector fields, we impose the finite-regularity assumption
directly on the symbols in the oscillatory representations of the distributions, using
symbol classes modelled on those of [33].

For I € R, let C.L denote the Zygmund space of order I on R® [33]. Thus,
if (D) + Y ooy ¥s(D) = I is a Littlewood-Paley decomposition, with ;(§) =
Y1 (551),i > 1, then

|lullor = sup 2| [1hi(D)ul| Lo (mn) -

Recall that if I > 0,1 ¢ Z, then C! = CU-I(R?).

Now fix an order m € R, an N € N, and a sequence § = (4, d2, ..., 0n) of numbers
0<4d; <1,1 <j<N. For any multi-index o € Z%, let §(a) = E‘JC;'I d;, setting
0(0) = 0 for convenience, and |§| = Ejvzl J;.

Definition 2.1. (3)
CLs™ (R x RF) = {a(m,e) 16gal- 0)lley < Ca(l+16)™ %, V]a| < N}
4



and

_ —m+d§(a «
lallo m.s = jmax (116D ™+ a(- 0)

(i) If H is a smooth codimension k submanifold with compact closure, then CiImvg(H)
is the space of locally finite sums of distributions of the form u(z) = [g. eF'®)%a(z,0)d6
with a € CLS™, where F(z) = (Fy(z),...,Fr(z)) are local defining functions for
H.

Remarks. (1) CiSm’g is a Banach space with respect to the norm defined in (i),
and CLI™%(H) inherits this structure.

(2) 85 : CLS™S — CLSm=818  with §' = (8,63, ...,0n) and 8, : CLS™S —
Cl-1§m% continuously.

(3) CLI m*g(H ) is well-defined, since changing the defining functions of H locally

corresponds to a change of variable in z, which leaves the symbol class invariant.
(4) The usual (infinite-regularity) conormal space I™(H) has a continuous inclusion

with respect to its Fréchet structure: I™(H) < CLT m’g(H ) for any I, N and 4.
Proposition 2.2. Let H C Q cC R, with codim(H) = k, | ¢ Z and § =

(01y---50N). .
() Ifl>1,-k<m < —% N>1,6 >0 and m — |§] < —k, then

(2.1) CiIm’g(H) — LP(Q) continuously for all 1 <p <

m+k

(i) If 1l > 2, N >2,6 >1 —% and |§| > 1, then for each smooth function F
vanishing on H,

(2.2) veCLI ™M (H) = F.-veWhP(Q) for l<p< s
— 01

and thus, for G CC Q\H, Ci[ik’g(H) — WLP(G) continuously.

(#i) Suppose l > 3. For max(%, 1— %) def vo(k) <v <1, set

So=w,1-v,2v—1,1—v,1—v,3v—2).

Then, for any F vanishing on H,

k

(23) ’UGCiI_k’gO(H) - F~'3"U€W2’T(Q) fOf‘].S’I‘< m

and thus, for G CC Q\H, C’iI*’“g0 (H) = W?2"(Q) continuously.

Proof. (i) Since LP and CLT m’g(H ) are diffeomorphism-invariant, it suffices to
assume that, with respect to coordinates z = (z/,2") € R* % x RF,

H={z"=0} and wu(x) =/ e Pa(z,0)ds, a€ CiSm’g.
Rk
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We then have

u(a',z") = / e la(a’,0,0)+ Y (a)a,,a(m',o,e)(x")a”+R[,](x',x",o)]do,

o<la”|<[]
where

Ry(,6) = Y bar(2,0)(@")*" with [bar (z,6)| < C(1+ o)™
la" =[]

Since a(z',0,-) € LY(RE),Vg > —£ and —£ < 2, the Hausdorff—Young inequality
implies that [ ™" ?a(z',0,60)dd € LY ( z,,) V2 <¢' <
thus belongs to LP(2) for all 2<p<

range is in fact 1 < p < +

m+k-
Q! (.’17 0) dif (a”)'aa (.’17 7070)7

p- +k , uniformly in 2, and

since it is compactly supported, the

et
For the second term, note that for each function

/em”'aaaﬂ (Z‘I, 0)($”)a”d9 _ /(%89)“” (eiz”.a)aa” (.Z'70)d0 =

= [ R0 (@ 00,

whose amplitude is < C(14|0])™~%")| and hence is treated by the same argument
as for ag = a(2’,0,0). In the final term, we integrate by parts:

/ ¢ Vb (z,0) (") df = / ¢ (105)"" b (,0)db,

and since |89 b(z,0)| < C(1 + |6)™ 9l € L*(R%), uniformly in ', this yields a
bounded function of z € 2.

(ii) If v € CLI~%3(H), then v € LP,Vp < o0, by part (i). From
v(z) = /eizll'aa(m,O)dH, a€ Cika’g,

one finds

By, v(x) = / e (i0;a + 0,,a)db
€CLI' =R (H) + CL1 I~ R9 (1)

forn—k+1<j<mn;if 1 <j<n-—k,only the second term is present. The second
term is covered by part (i) and hence is in LP,Vp < oo. If the first term is multiplied
by some z;,,n — k+1 < jo < n and integrated by parts, it becomes an element
of CLI'#=013" (), with §' = (62, ...,0n), which by (2.1) is in LP,1 < p < 12
Since any F' vanishing on H can be represented as a linear combination of z,,’s
with smooth coefficients, F'(z)Vv € L? and so v € W'?(G) for any set G on which

|F| is bounded below.
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(iii) By (i) and (ii) above, both v and F - Vv € L". Now, arguing as in (ii), for
n_k+13j7jlsn7

2, 0= / €' (=0;050 +i(Bja,, + 0yaz,) + sy, )6
€ CLIPTRIO(H) + CIm 'R0 (H) + CLm2 1+ (H),
with simpler expressions if one or both of j or j' is < n — k. By (i), the last term

isin L",Vr < o0, if I > 3, N > 1. Integrating by parts and using (ii), =, times

the second term is in L",1 < r < {25 = 125 if I > 2,N > 2. As for the first

term, x;,x;, %, times it is seen, after integrating by parts three times, to be in
CLI2=k=(01+8:463).00 () = CL[2=k=2v8 (H) for 8 = (1 — v,1 — v,3v — 2), which,
by (i), = L"(Q),Vl < r < 2(1’9—ﬁ), if 1 > 2, since -k < 2—-k—2v < —&if

1—% <V§1and2—k—|(§] =2-3v—k<kifv> % Thus, for any F' vanishing
on H, F3 - CLI"F%(H) — W>"(Q) if 1 <7 < gf55,1> 3. O
We also have

Proposition 2.3. If A € U"(R"™) is properly supported with r < 0, then for any
I,m € R and any 0, and any € > 0,

Az CLI™S(H) — CLmtr+ed ()
and ||Al| is bounded by a finite number of semi-norms of a(A) in S7 o(R" x (R™\0)).
Proof. Write

Af(z) = / ¢V, y, 6 f(y)dedy, a € Sig

and
u(y) = / PO 0h(y. )d6, be CLS™S.
Then
Au(z) = / ¢l D EHEW (g, y, €)b(y, 6)ddEdy
= / e @) 0¢(z, 6)do,
where
(2.4) c(z,0) = /ei[(w—y)..‘;'-i-(F(y)—F(z))~0]a(x’y,.f)b(y,a)dé‘dy

and we need to show that ¢ = c[b] € CL.S™+7+<% Ve > 0. Furthermore, since H is
compact, we may assume that the symbol a(z,y, £) vanishes for z,y outside some
compact set.
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Let () = (1+|0|2)%. Setting b;(y,0) = i (Dy)(b(y, 0)) and ¢;(z,0) = ¢;(Ds)(c(z,0)),
we have
105 4(-,6) | < C2715(8)m 5@, ¥]a| < N,

and want to prove that
1105 ¢; (- 0)||Loe < Ce27H(9)™ %) ja| < N.

We first consider the case of a = 0. Let {1;}%2,, {vzi};?;o be bounded families

in 7, with ¥; = 1 on supp(y;) and 9; = 1 on supp(¢;); then, one can write
¢; = T;;(b;), where the operator T;; has the Schwartz kernel

Kij(z,y;0) = / eil(@=2)-CHE=w) £+ ) =F )0+ (w=v)nly (Y (2, w, €)i (n)d( dzdEdwdn.

It suffices to show that > oo [|Ti; (bs)||ne < Ce271(g)ym+re,

As in the proof of Prop. 2.2, we may assume that F(zr) = z", where z =
(z',2") € R"F x R, for § € R¥, let §* = (0,0) = DF*(z)(),Vx. Thus, the phase
function of K;;(z,y;0) is

p=(z-2)-C+(z-w) &+ W =2")-0+ w—y)-n
Let x € C§°(R), x(t) = 1 for |t| < 1/2,supp(x) C {|t] < 3/4}. Write

) - ——p* —C—b*

Kis(o6) = [ e, + 0 - 0 Em 1
a(z,w, &)d{dndédzdw
=K} (z,y;0) + K3 (2,;0)

with Tj; = Ti‘} + T the corresponding operator decomposition.
K?¥ may be analyzed by noting that [{—(—6| > cmax(|{—(|, |f]) on supp(1—Xx),
and thus, using
E-¢-0" o
v, Py — zd),
(Zlé-_c_e*'Q Z)(e ) €

we may integrate by parts n + M times in z and then integrate in £ to obtain
K33 (0,yi6) = [ 1o ere = 00wl ) 0) Az, w3 0)dGaydzc

with [0208 A(z,w;0)| < Ca,p,m(0) M, Vo, 8 € Z%, M € N. If max(2¢,27) < 1(6),
we then simply integrate in all variables to obtain |K{?| < 2"+ (9)~M I (9) <
Tmin(2¢,29), then |¢ + 6% > c|[¢| > ¢27 and | + 6%] > c|n| > 2%, so we may first
integrate by parts in z and w to obtain |K§P| < 27 M'(+)(9)=M

In the following, we denote a ~ b if either a,b < 4 or ;a < b < 4a.

If (9) ~ 2¢ > 27+ or (9) ~ 27 > 2i+1 we may integrate by parts in z or w
alone to obtain |KgP| < c2=M'{()~M or |KP| < c2~M'3(9)~M respectively, VM'.
If 26+ < (0) < 2971, then |¢ + 6% > ¢2/ and |p + 6*| > c[#*|, so integration
by parts in z,w gives |[KF| < 2~ M'9()~M; similarly, for 27+! < () < 201 we
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obtain |K{P| < c2” M'i(gy=M  Finally, if () ~ 2¢ ~ 29, we simply integrate and get
|Kg| < e2mi+)(g) =M < ¢(f)=(M=2"). Using ||b;||p~ < ¢27"()™ and summing in
i yields 520 |IT°(bi)|[ < 2= M(0)~M ¥M, M.

On the other hand, K ?j may be analyzed using stationary phase in ¢ and w:

First rewrite
(2.5)

K (a,yi6) = [ =Gy, (01 )x

8

[/ i0][w" - g7 —w- 5)]|6|" (2,2 +w, 0|+ |0|))x(|§ — % - 0|)d§dw] Cidzdgdn
10

The domain of integration for the inner integral contains a critical point only if
|o| < 2. In this case the unique nondegenerate critical point is £ = %, w = 0. Ap-

plying the method stationary phase and analysing error terms using [16,Thm.7.7.7]
for |o| < 2, or just using integration by parts for |o| > 2, we see that the inner

integral is a(z, 2,7+ 6*)x (|"|0|C|)+el( ﬁ, |C7|,n+0*), with e; € 5{51((]1{” x R* x
R™) x R*\0) and thus

K9 (2,:6) = / ile=2) CHE=0 Tl (€ () ¢

In — |
6]

(2.6) n ¢
)+ ei(z, m |0|,n+6 )]d¢dzdn.

[a(z, 2,m +67)x(

Note that Sf’f)l seminorms of e; are uniformly bounded over compact subsets of
R x R® x R". We observe for the phase that d,((zx —2)-(+ (z—y)-n) = —C+7n
and (d¢ + dy)((z — 2) - (+ (z —y) -n) = ¢ — y and we may use these to integrate
by parts, M and M’ times, respectively, to obtain, for i < j — 2,

K (2,93 6)] SC/TMj(l + 2z — y)) M G5 (O(0) In =™ i(m)d¢dzdn

<C2"(Mi(1 4 2z — )M 2 ig)
Here, we have used | — { +n| > 3|¢| > 27! and

Clnl™=™"§;(O)bs(n), 6] < 2
G

|(de + dn)™ (5(Qalz, 2,m + 67)hi(n)) < { o= ,
C(O) Inl=™ 3 (O)i(n), 18] > c2'.
Thus, [ |K%(z,y)|dy < C2~M-mig=M'i(g)7 o that
ji—2
Z TS (b:)||Le < €D 27 M=mig=Miggyro=tifgym < Cc=li(g)m+r

=0

for M > n + . Similarly, for ¢ > j + 2, we obtain the estimate

|K% (2, y)] < C2~M=mi(1 4 29| — y|) =M 2= (M'=mi(gyr
9



leading to

oo o0
Z ||T3(bz)||L°° < C Z 2—M'j2—(M—n)’i<0>r2—li<0)m < 02_lj<0>m+’"
i=j+2 i=j+2
for M'>1,M >n —1.
To analyze the contributions from |i — j| < 1, we perform in (2.6) an additional

stationary phase in z and (, with critical point z = z, { = 7. Rewriting the integral
as in formula (2.5) we see that,

K{i(z,y) = /ei(m_y)'"zpj (m)[a(z,z,n + 0%) + es(z, |%|’ %; N+ 0%)19i(n)dn

with ey € S{fol((R” x R™) x R™\0). Since ¢; are uniformly bounded in S?, the
S{Bl seminorms of e; are uniformly bounded over compact subsets of R® x R™.
Then

K a,g) = 072 [ [ @001 0~ 0%, s 003,00 67015 — 07
where h(-,; 6) € S{o(R" x B*\0),

n—0* n—0"

h’(manv 0) :a(xamvn)+e ($7—7 7,'7)
I

is a symbol depending on the parameter 6, |6] > 1.
Note that multiplication by the exponentials does not affect the L>*® — L
operator norm, while

300 = 8" 0, )3l - ) € { STo(®" X R'\0), 6] < c2!
Al T, m; i\" (0)7‘ . S?’O(Rn X Rn\0)7 |0| > 2

uniformly in §. Acting on functions with Fourier transforms supported in B(0, R),
pseudodifferential operators of order 0 are bounded on L* with norm < clogR
[33]. Hence, for |i —j| <1,

Cj2rio=li(gym < C.2-ti(gymirre |0] < 2

Tij(bi)|| e < ; j j
T35 (b3)| [ < { Cj2-t gyt < ¢ 27l (gymtrre 9] > 27,

as desired.

To handle the derivatives d§'c, note first that the application of dy to the right
hand side of (2.4) yields two terms. Since dpb(z,8) € CLS™91:(%2:-) "the oscillatory
integral with amplitude a(z,y, £)9sb(x,0) has CL norm < C{)™+" 91 as desired.
On the other hand, as here F(z) = z", we see that if the derivative hits the phase,
then the amplitude becomes i(F(y) — F(z)) -a-b = i(y" —x") - a-b. Writing
y'—a" = =0 [(x —y) - £+ (F(y) — F(x)) - 0], we may then integrate by parts in
€. The resulting amplitude, id¢a - b gives a term whose C! norm is < C(f)™+7—1.
Higher derivatives d§'c, |a| < N, are handled similarly. 0O

To obtain the boundedness of M, on some of the finite-regularity conormal
spaces, we will need the following; similar results are in [13].
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Lemma 2.4. Let a,b € C(R" x RF) satisfy
lla(,0)llcx < CEO™  and  [b(-O)llcr < CEO™
with 1,I' > 0,1,l' ¢ N and m + m' < —k. Then the partial convolution a *p b
satisfies
||a *RE b('79)||0i” < C<0>m )
with I" = min(l,I') and m" = max((m + k)3 + m',m + (m' + k)3, m + m' + k).

Her;,l t; =t = max(t,0) ift #0 and t; = € for t =0, with € > 0 arbitrarily
small.

Sketch of proof. This follows easily by decomposing

(a 4 ) (3, 60) = / a(z, 0)b(z, 0 — 0)do

Rk
=( +/ -l-/ Ja(z,0)b(z,0 — o)do.
lo|<lg Jig—o|<G Jio|>18, (-0|> 15

and estimating each of the three terms using the fact that Ct x C! < C." contin-
uously.
This is then used in the proof of

Proposition 2.5. Let H C RY be codimension k. For q € I*(H), let M, denote
multiplication by q(x). Suppose % —k<pu<1—k. Then, for anyl > 0,1l ¢ N,

(2.7 M, : C’iI"“’g0 (H) — C’ifﬁ’g0 (H) continuously
where, if we write p = v — k with % <v <1, 3 is as in Prop. 2.2(iii):
(2.8) So=w1-v,2v—1,1—v,1—v,3v—2)
and i =p+€ for any 0 < e < —p.
Proof. As before, we can assume that H = {z" = 0},

u(z) = /R e b(a,0)ds, b CLITM (i)

and
g(z) = / e””'ga(x,ﬂ)de, a€ Sty Ol gL,
Rk

for any I' > 0.
Hence, Myu(z) = [ €™ ?(a*b)(x,0)dd, where * denotes the k-dimensional con-
volution in the @ variable. By Lemma, 2.4,

lla* bz, 0) | < C(Oym>Uorter) = C(g)+, Ve > 0.
11



Since dga € CL §# LL1) and p— 1 < —k,
186 (a % b)(z,0)l|c1, = [/(Bpa) bz, B) [l < C(O)™FrtTont) = ()~
(for € < —p), which gives a gain of > u—(—k) = v, consistent with §; = v. (The ad-

ditional gain of € we choose to ignore.) Noting that dgb € CLS—k—¥(1—v2v—1,....3v=2)
by Remark 2 above, we have

187 (@ b)llcr = [1(Bpa) * (Bgb)[|cx < C(OYPhmrw=k=bmk=l) = o(g)r =k

since v > %, which is a gain of & = -k — (v —k —1) = 1 —v. Since dja €

CY s1=2(1--) and dyb is as noted above,
103 (a xb)llct = [1(85a) * (Bpb)||cr < C{OYm>(—h=rw=k=2) = C(g) =,

which gives a gain of 83 = v —k—1— (—k—v) = 2v—1. Since dja € C% S+ 2(1.1-)
and 83b € CLG—k—1.Cv=t 1=,

185 (a * b)llcr = [[(BFa) * (B5b)l|cr < C(Oym(Th-twmh=22v=k=3) = O (g)=F~1,

which gives a gain of §4 = -k — v — (—k — 1) = 1 — v. Continuing in this fashion,
we may estimate

1165 (a * b)[|c: = ||(83a) * (Bb)||cx < C(B)~F72,
which is consistent with 5 =1 — v if v > %, and

16 (a * B)llex = [1(Fa) + (B58)llcx < C{B) 2,

which is consistent with dg = 3v — 2. The z derivatives, lowering the Zygmund
space index and not involving any gain in (f), are handled in the obvious way.

Hence, ax b € CLg#+e% O

Now recall some facts concerning the Faddeev Green’s function [10], G,. As is
well-known (see,e.g., [32], where this is used implicitly), the families {|p|G, : p-p =
0} and {G, : p- p = 0} are uniformly bounded in ¥°(K) and ¥~ !(K), respectively,
for K CC R™ and hence interpolation implies

(2.9) {|p|1_tG,, 1p-p= 0} C ¥~Y(K) is bounded , Vt € [0, 1].
We can now state a local analogue for the finite-regularity conormal spaces of the

result of [32] concerning solvability of inhomogeneous equations involving A, +¢(z)
in weighted L? spaces.

12



Proposition 2.6. Ifq € I*(H) with %—k <pu<l—k1>31¢Nand0<o<1,
then for 8o as in (2.8), the inhomogeneous equation

(2.10) (A, +q)w = g € CLI'F=o% (17)

has, for |p| large, a unique solution w € CiI_k*‘% (H), with ||Jw|| < %Hg”

Proof. Applying G, to both sides of (2.10), using (2.9) for ¢t = 1 — ¢ and Prop.
2.3, we are reduced to showing that

(I +G,Mw = G,g € C.I"*%(H)
has a unique solution for |p| sufficiently large, with ||w|| < C||G,g||. By Prop.

2.5, M, : CiI‘k’EO(H) — CLIrtedo(H) for any 0 < € < —pu. Note that t =
u+e—(—k) <1, so we can use Prop. 2.5 and (2.9) with this value of ¢ to obtain

CLI R (r) B3 cLpptofo (1) & LR (1)
with norm < C(q)|p* *t¢ — 0 as |p| — oco. Hence, for |p| sufficiently large,
|G, M,|| < & and I + G,M, is invertible on CLI=F%(H). O

We may now complete the proof of Thm. 1 as described in §1. Construct two
solutions ¢, j = 1,2, to (1.10) for potentials g; € I*i(H;). Note that —g;, the
right hand side of (1.10), belongs to I#i(H) — CLI'=*i=9i:9(H), with o; > 0
since u; < 1 — k;. Thus, we may apply Prop. 2.6 with ¢ = —¢;,5 = 1,2, and
then form as above the corresponding solutions, vy (z,p1) = €’ *(1 + ¢¥1(x, p1))
of (A + gi)vi = 0 and wa(z, p2) = €”>%(1 4+ Pa(x, p2)) of (A + g2)w2 = 0, with
1¥;ll oo j-+;.5 < Clpl~77. The solutions v1 and w2 belong to XP"(Q2), with p,r as

in (1.3). In fact, each is in L?(Q), and in W27 (Q) away from H by Prop. 2.2(i)

L
and (iii), resp., since r < ﬁ Furthermore, since ¢; € L1~ ¢,Ve > 0, we have

k
Avy = —quvy € (Lﬁ_e) X (Ls),‘v’e > 0,Vs < oo. Since p > klkl = p' < %,

p—y
we thus have Av, € L? (Q), and similarly for ws. These solutions are constructed
for all large |p|. Since n > 3, for any £ € R*\0 and A > ¢|{|, one can find
p1,p2 € {p- p =0} with |[p1]| = |p2| > X and p1 + p2 = —i.

By the assumption that CDg, = CDy,, there exists a v, € XP7(Q) such that
(1.7) holds. Applying (1.8) and (1.9), it suffices to show that

(2.11) / e (g — qa) (b1 + o + PraPa)dr — 0 as A — oo.
Q

s
Since each g; € L”*;*E(Q),Ve > 0, and, by (1.3), p > (f—j)’,j = 1,2, we have
c

/ a1 = qof - sldz < 2=, €5 >0
Q
as A — oo by Hoélder’s inequality. In fact, p > 2(,13—;)’ by (1.3), so we have
c
/ lg1 = @2| - [¢h1] - |9pe|dz < Newo 12 >0,
Q
as well. Thus, we have shown that CD,, = CD,, implies that di— ¢ (&) = 0,V¢,

and hence ¢; = g2, concluding the proof of Thm.1.
13



3. Reconstruction of the potential

In this section we prove that the potential ¢ can be obtained constructively from
the Cauchy data of A + g. We follow here the general method of [25]; see also
[26] and [19]. However, there are some additional difficulties in our case because
we deal with the set of Cauchy data instead of the Dirichlet-to-Neumann map.
Moreover, we work with more complicated function spaces due to the singularities
of the potential. We will show:

Theorem 2. Suppose that ) is Lipschitz and H CC Q is a submanifold of codimen-
sion k. Suppose further that ¢ € I*(H) is a real potential with vo(k)—k < p <1—k
and supp(q) CC Q. Let p,r satisfy 2 < r < ro(k,v) and max(po(k,v), —ﬁ) <p<
oo. Then q can be reconstructed on 0 from the Cauchy data CDy of A + q on
XPr(Q).

To start the discussion of reconstruction, we first show how to obtain a global
analogue of Prop. 2.6. For s € R and —1 < & < 0, let W2>(R™) be the weighted
Sobolev space denoted by Hj in [32]. In [32], it is shown that for 0 < ¢ <1,

c
(3.1) NG fllwerer < = 1 llwz 2 -

i = e e

Now, let supp(q) C ' cC Q and let xo + Xoo = 1 be a partition of unity
subordinate to the open cover QU (') =R". Fix 2 —k<p <1—-Fk,1> 3 and

let 8o be as in (2.8). For m < 1—k and s < —2, define
(3-2) Ay @my = Mx0 - Fll ot pmoo cary + oo = Fllwe2 @ny-

For m < —k, elements of I"™(H) are in L (R™),Vp < oo, and hence I, (H) —

loc comp

W (R*),¥m < 1—k,s < —1. Combining (3.1) with (2.9) and Prop. 2.3, we have,
for 0 <t <1,

(3.3)

c
NG fllym=tote(mny < |p|T—t||f”Y51’f(R")’ m<1-k—ts<-1-1-1<d<0.

Finally, since supp(q) CC Q, it follows from (2.7) that
(3.4) M, Y55 5 v e s 0.

Arguing as in the proof of Prop. 2.6, but replacing the local finite-regularity spaces
with the global spaces Y;*(R"), we obtain the following result:

Proposition 3.1. If ¢ € I*(H) with % —k<p<l—-ks<-2-1<d<0and
0 <o <1, then the inhomogeneous equation

(3.5) (A, +qw = g € Y777 (RY)

has, for |p| large, a unique solution w € Y;S_k’S'H_U(lR") with ||w|] < %Hg”

Next we will construct the boundary values of the exponentially growing solu-
tions on 0. For this purpose we use the Green’s function G%(z,y) defined by

(3-6) (A+q)Gi(,y) =6, in R, ¢()Gi(-,y) € Yy "(R"),
14



where y € R* \ Q, e,(z) = exp(—p-z) and s < —n/2. When |p| is large enough,
the equation (3.6) has a unique solution by Prop. 3.1. Next we consider the case
when p is fixed and sufficiently large.

As supp(g) CC Q, we see that 9Q has a neighborhood V such that in V x V
Green’s function G(z,y) has the same singularities as the Green’s function GY (for
the zero potential and p = 0), that is, G4(z,y) — Gj(z,y) € C=(V x V).

Using the Green’s function (3.6) we define the corresponding single and double
layer potentials

S.000) = [ GYa)ot@dss, Kio) = [ (GsGllan)o@dss, v o0

which define continuous operators S, : W1=+7(89) — X|q ® W2T(R™ \ Q) and
K, : W2 57(09) = X|o ® W2T (R \ ). Here X C D'(R™) is the space with the
norm |[Xo+ fl i ym.5o () F|1Xoo  fllw2 (mn) - These layer potentials can be considered
as operators on the boundary 012, defined in principal value sense. Since 01 is
Lipschitz, it follows from the results of [7] that these operators are continuous, S7 :
W1=nr(0Q) — W2~ 57(9Q) and K29 : W2~+7(9Q) — W2+ (89). Similarly,
on 0N we define normal derivatives of the layer potentials,

6 q
0.55%0(u) = pv. [ (G Glle.)0(e)dS:.

8 0 .
00) = b [ (s s G ) o(a)as,

which are continuous operators 9, S : W'=+7(9Q) — W'~+"(9Q) and 8, K :
W2=57(09Q) —» W=+ (69).
Next we consider the Calderdn projector [5]. We start with the operator

1

A (¢,0) = <_s§9¢ + (- ol K2y, —(% + 0,509 + amf%) )

Proposition 3.2. Let Z = W2~ +7(8Q) x W=+7(8Q). Then the operator
A, Z|Ker(Ag) > Z

is semi-Fredholm. Moreover, —A, : Z — Z is a projection operator with range CD,
and kernel independent of g. In particular, CD, is a closed subspace of Z.

Proof. First we show that kernel of A, does not depend on g. Assume that (¢,v) €
Z. We consider the function

ugy(y) = —S4(¢) + Ky(¢), y e R\ 0Q
and the trace operators

Ty : W2 (R \ Q) —» W2 +7(80Q) x Wi +7(89),
15



T_ W2 (Q) - W2 »7(9Q) x W +7(890)

defined by Tru = (ulaq, Onulaq). As the Green’s functions G4(=,y) have the same
singularities near 9Q x 9} as the standard Green’s function of R”, we can use the
standard jump relations for layer potentials (see e.g. [8]). We conclude that

T ugy = Ag($,%), Trugy = (6,9) + Ag(d,9).

Thus we get that u = ug4 € (e,) 'Yy ®* and it is the unique solution of
(3.7) (A+qQu=gg,y =9doq + V- (nddpe) in R”,

satisfying e, (- Ju € Y; ©*(R").
Now, if (¢,9) € Ker(A4,) we have that

(9,) = (¢,9) + T-ugy = Tug,p.

Thus, v = ug,y is the solution of the scattering problem
(3.8) Av=0 in R*\Q, Tiv=(4,¢), e,(-)veWy*R"\Q).

On other hand, assume that (3.8) has a solution, and let vg be the zero-continuation
of v, that is vg|gm\@ = v, vlo = 0. Then we conclude that vg is a solution of the
problem (3.7), and as this solution is unique, we see that vy = ug . This shows that
(p,9) € Ker(4,) if and only if the problem (3.8) has a solution. This is obviously
independent of ¢ and thus we see that

(3-9) T + (ep + u¢,¢') = (¢p + ¢, 'pr + ¢) + Aq(¢>¢) € Ran(Aq)-

Applying the projection I + A, to both sides of (3.9) and using A,(¢,%) = 0, we
see that

0= (I+Aq)(¢p + ¢=¢p +¢) = (I+Aq)(¢p=¢p) + (¢:¢)

As A, and (¢,,v,) are known, we can thus determine (¢,1) and the Cauchy data
of v(z) on 09.

Next we consider range of A;. A standard application of Green’s formula (see,
e.g., [8, Th. 3.1]) shows that if v € XP" satisfies

(A+q@v=0 in Q,

and (¢,1) = T_v, then v = —ugy . (Observe the negative sign which is due to the
fact that we use exterior normal vector n.) Also, by for (¢,v) € Z we have xoug,4 €
CLI=k& (F) c Lt (Q) for any t; < co by Prop. 2.2. As q € I*(H) C Lt2(9) for
1<ty < ﬁ we have xoAug .y = —Xoque,y € L”’(Q) for % <1- %, ie. p> —ﬁ.
Hence ug,, € XP 7. Thus the set of all solutions of the Schrédinger equation in
XPT equals to the set of solutions ug .y, (¢,9) € Z. As T ugy = Ag(d,9), we
obtain that the range of A, equals to CD,.
Now, when the potential is equal to zero, the Dirichlet-to-Neumann operator
Ao : ulga = Bpulsq is well defined, Ag : W2~ =7 (8Q) — W= +7(8Q). The Cauchy
16



data CDy is the graph of the operator Ag and is thus closed. Thus we see that the
range of A is a closed subspace, and therefore the operator Aq : Z/Ker(Ag) — Z
has zero kernel and closed range. Thus it is a semi-Fredholm operator. Now,
consider the operator A; — Ag. Using (3.9) we know that the operator

Aq — AO : Z/Ker(Ag) -7

is well defined and compact. As compact perturbations of semi-Fredholm operators
are also semi-Fredholm, we conclude that A4, is also semi-Fredholm.

It remains to show that —A,; is a projection. This can be seen similarly to
the smooth case. Indeed, if (¢,7) € Ran(4,), (¢,%) = A,($,?) we see that the
solution ug ; has the trace T_uj ; = (¢,%). Hence Green’s formula gives

uq;,q/;:—(—Sq¢+Kq¢) in Q.

Taking trace T_ from both sides we obtain that (¢,9) = —A,(#, 1), i.e. (—A4,)? =
—A,. Thus, Prop. 3.2 is proven. 0O

Now we can construct the boundary values of the exponentially growing solutions
from the Cauchy data. As we are given CD, = Ran(4,), and we know Ker(4,) =
Ker(Ap), we can construct the projection —A,. Next, let (¢,,v¢,) = Tie, be
the boundary values of the incoming plane wave. Consider the solution v(z) =
e”T(1 4+ (z,p)) = e”* + up and let (¢,¢) = Tyug. Then (¢,9) € Ker(4,) and
up = Ug,y in R™ \ Q. Moreover, as v is solution of Schrédinger equation inside Q,
we have

(3-9) T+(ep + Utb,w) = (¢p + ¢, ¢p + ¢) + Aq(¢: "p) € Ran(Aq)-

Applying with projection I + A, to (3.9) and using A,(¢, 1) = 0, we see that

0= (1+A)(do + ¢, %0 +9) = (14 Ag)(¢o,%0) + (¢, 9).

As A, and (¢o,%0) are known, we find (¢,1) and the Cauchy data of v(z) on 9.
So far, we have constructed the Cauchy data of the solutions v,, (z) = e”*'*(1 +
¥(z,p1)) for all sufficiently large p1. Thus if we consider complex frequencies p;
and po satisfying p1 + p2 = —i&, with £ € R™\0, an application of Green’s formula
yields
@© = 1im [ g@e” (14 (o, p))- e da

lp1]—=o0 Jq
:I l}m (vpl-@nepz'z — anvpl-e”'w) dz
P10 JoQ

This proves Theorem 2. [

4. Non-uniqueness for highly singular potentials

We next discuss how very strong singularities of the potential can cause non-
uniqueness in a closely related inverse problem. Due to the strength of the sin-
gularities, the Schrédinger equation has to be interpreted in a weak sense. Let us
consider the boundary value problem

(4.1) (A +q+ E)’LL =0 in Q, u|aQ =f
17



with the potential ¢ having the form
(4.2) q(z) = —dist (z, H)"co(x),

near H, where dist is the Euclidean distance, H is a closed hypersurface bounding a
region Q¢ CC Q, u < —2, and ¢o(x) is a smooth function, satisfying c¢o(z) > Co > 0
in some neighborhood V of H.

Elements of I717#(H) satisfy the pointwise estimate |¢(z)| < Cdist (z, H)*,
but a ¢ satisfying (4.2) is not even locally integrable and thus need not define a
distribution. Hence, the solutions of (4.1) cannot be formulated in the usual sense
of distributions. Instead, we define the solution of (4.1) (if it exists) to be the
solution of the following convex minimization problem: Find v such that

(4.3) G(u) = inf G(v)

where G = Gyyg : {v € H(Q) : v|sg = f} = RU {oo} is the convex functional

Gere(v) = /Q(|VU(:1:)|2 — (q(z) + E)|v(x)|*)dz

Here, since the function —g(z) is bounded from below, we define G(u) = co when
q|v|? is not in L(Q).

Proposition 4.1. The Cauchy data
ou 1 , L
CDy+E = {(u|39, %bg) tu € H(Q), u is a minimizer of Gy g}

does not depend on q in Q. In particular, if the solution of (4.3) is unique, u
vanishes identically in Q.

Remark. We note that potentials having singularities similar to (4.2) as above
has been used to produce counterexamples to strong unique continuation, e.g. po-
tentials ¢(z) = c/|z|**¢ in [11]. Recently, counterexamples have been found for
weak unique continuation for L!-potentials [18], but here we need to construct po-
tentials for which all solutions vanish inside H. Finally, we wish to emphasize that
since the solutions of (4.1) considered here are not defined in the usual sense of
distributions, but rather as solutions of a convex minimization problem, the solu-
tions we construct do not give new counterexamples for the unique continuation
problem.

Proof. Obviously we can assume that ¢(z) < 0 everywhere. We start first with
the case where E =0 and f € C*(99).

As the potential ¢ is not in the Kato class ([6,p.62]), consider instead a decreasing
sequence of smooth functions ¢, € C*® (), gnt1(x) < gn(z), for which g,(z) = ¢(x)
when d(z, H) > L and in some neighborhood V of H

(4.4) qn(7) < max(—cin ¥, q(z))

where 0 < ¢; < Cy. Let G, be the functionals defined as G with ¢ replaced with
¢n- The functionals G,, have unique minimizers u,, which satisfy in classical sense

(4-5) (A + qn)un =0 in K, ’LLn|aQ =f.
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Now, let f € C>(0Q) be fixed. Let F € H'(Q) be a function for which F|sq = f
and F' = 0 in some neighborhood of H. By definition of the potentials ¢, for
sufficiently large ng we have G(F') = G,(F) = Gy, (F) for n > ng. Thus for the
minimizers u,, of G, we have G, (u,) < C = Gy, (F). Next, by choosing a subse-
quence, we can assume that the sequences [ |Vu,(z)|>dz and [(—gn(z))|u,(2)|?dz
are decreasing when n — oco. Next, let us denote by Cy,Cs < C the constants

¢y = lim / Vun(2)2dz, Cy = lim [ (—gu(@))lun(@)2dz = Cs.

Now, we see that u, are uniformly bounded in H'(Q) and thus by choosing a
subsequence we can assume that there is % € H'(Q) such that u, — @ weakly in
H(Q). Moreover,

(4.6) /Q |Vii(z)|?dr < Cy

As compact operators map weakly converging sequences to strongly converging
ones, we have the norm-convergence u,, — @ in L2(Q2). Thus for ny > 0 we have

- / o (@)[a(@) 2 = Tim | (~gn (2))un () P <
Q Q

n—0o0

< lim [ (=¢n(@))|un(z)*dz < Cs.

T n—oo Q

Since this is valid for any ng we have by monotone convergence theorem

(4.7) - [ d@lit)Pds < .

As G < Gy,
inf G(u) < lim minG,(u) = C; + Cs.

n—oo
Now, by (4.6) and (4.7) we have G(@) < Cy + C and thus @ is a minimizer of G.
Now, as G = G, +(G—G,,) where G, is a strictly convex functional and G—G,, is a
convex functional, G is strictly convex. Thus the minimizer is unique. Hence we see
that, for every f, the solution 4 of the minimization problem (4.3) exists, is unique,
and is given as the L?-limit of the functions u,. We note that the above analysis
was based to the fact that the minimization problems for the G,, epi-converge to
the minimization problem for G [30].

Recalling that Qg is the region bounded by H, consider functions u,, restricted
to Q. Let t — B; be the Brownian motion in R” starting from z at time ¢t = 0,
i.e., By = x. As the g, are strictly negative smooth functions, they are in the Kato
class and the pair (2, ¢,) is gaugeable (see [6], sect. 4.3 and Th. 4.19). By [6], Th.
4.7, the solution u,, can be represented by the Feynman-Kac formula

wn(o) = Blexo [ an(BOat) 5(5,)
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where 7 = 75 is the first time when the process hits the boundary, i.e., B; € 9.
Here, we assume B; is a version of Brownian motion for which all realizations are
continuous curves (see [21] or [6], Th. 1.4). If z € Qy, the realizations of Brownian
motion have to hit H prior to hitting 0€2. Denote the first hitting time for H by
7g; thus the first hitting point is B,,,, and 7y < 7sq. (The stopping time 7g is
measurable function in the probability space, see [6,Prop. 1.15]).

Let us now denote by p(p,n) the probability that the Brownian motion sent
from origin at time ¢t = 0 leaves the origin centered ball with radius p before time 7.
Because of the scale-invariance of Brownian motion, p(sp, s2n) = p(p,n) for s > 0.
(Indeed, let us consider reparametrized Brownian motion By = sBy-2;. As the
probability densities of (By,, By,,-.., B, ) coincide to those of (By,, By,, . .., B, )
we see that we see that B, is Brownian motion, t00.)

Let A, , = {|B: — Bry| < p for 7 <t < 7 +n}. This set is measurable in the
probability space and the probability of A, , is P(4,.,) =1 — p(p,n).

Let m > 1 and n = n(m) be such that p(1,n7) > Z-1. Now, ¢ is non-positive
and by (4.4) ¢,(z) < max(—c;n *,q(z)) in some neighborhood V of H. When s is
so small that the s-neighborhood of H is in V, we have by (4.2) that

T TH+SZT]
|B(exp ( / q(Bodt) £(B.))| < B(exp ( / q(Bt)dt>||f||Lm)

H

S(l - P(Asp,32n(m)))||f||00 + P(Asp,SQW(m))eXp( - 3277(m) min(cosua Cln_“)) ||f||00

Thus, choosing s = n?/# we see that for sufficiently large n

1 m-—1
(4.8) l[tn]|Le(00) < (E +

exp (—n(m)eyn? /1) || || .

As 4, = @ in norm in L2(Qo), [|8||r2(00) < =||f||ze vol(€)*/? for any m. Thus
we see that @ = 0 in Q.

Next we consider the case when E € R and f € H'/?(99). First, let H, = {x €
Q: dist (z,H) < r} and let 7 be so small that ¢(z) + E < 0 for z € H,.. If u is
the solution of (4.1) in €, then its restriction 4 = u|g, is the solution of boundary
value problem

(4.9) (A+q+E)a=0 in H,, ilpg, =f,

where f = u|pm, € C®(dH,), that is, i@ is the solution of minimization problem
(4.3) in domain H,. Let ¢, approximate ¢ in H, as above and 4,, be the correspond-
ing solutions of problem (4.9) with ¢ replaced with g,. As above, we see that prob-
lem (4.9) is uniquely solvable, @, — @ in L?(H,.), and that @, () can be represented
by the Feynman-Kac formula. Let z € QoN H,., 7 be the first time when the Brown-
ian motion sent from z at ¢ = 0 hits 8H,, and A = {B; € QN H, for 0 <t < 7}.
Let us denote f = f+ + f_, where f+ vanishes on Q¢ N dH, and f_ vanishes on
(©2\ Qo) NOH,. Then we see that

iin(z) = P(A)E(exp </0T qn(Bt)dt) f-(B)|A)+
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(4.10) +(1 = P(A))E(exp (/OT qn(Bt)dt> F(Bz)|A°)

where E(-|A) is conditional expectation with condition A and A¢ denotes the com-
plement of A. Note that in the case of A°, the process B; hits H at least once.
Analyzing how long Brownian motion is near H as above, we see that when n — oo,
the second term on the right hand side of (4.10) goes to zero. Thus 4(z), for
x € H, N Qp, depends only on ¢q in H,. N Qg and f_. Similarly, we see that a(z),
r € H, \ Qo, depends only on ¢ in H, \ Qg and f,. Moreover, analogously to (4.8)
we see that
i ||y ||| Lo () = 0

Choosing a subsequence, we can assume that @, — @ weakly in H!(H,) and thus
in norm in H3/*(H,). Hence, by taking the trace H%/4(H,) — L*(H) we see that
il = 0.

In conclusion, for the boundary value problem (4.9) there are well defined maps

Ty s fy o il g, € {v € H'(H,\ Do) = vl =0},

T :f_ Hﬂ’lHrﬁQO S {1) € Hl(HTﬂQO) : U|H = 0}

where T, depends only on ¢ in H, \ Q¢ and T_ on q in H, N Q.
In particular, on the boundaries 0H, N Qy and 0H, N (2 \ Qo) we have “inde-
pendent” Dirichlet-to-Neumann maps

A+ . f+ — 6nd|8HT\§0, Af . f, = anﬁ|aHrnQO,

where n is the exterior normal of H,.

Next, if u is a solution of boundary value problem (4.1) we denote uy = u|Q\§0
and u_ = u|g,. To motivate the next step, we observe that uy and u_ satisfy
“independent” boundary value problems in Q \ (H, U Qo)

(A+q+E)uy =0, uylon, = f, Onut|om oo = At (uylom,\oo)
and in Qg \ H,
(A+g+E)u_ =0, Ohu_|or,no, = A (u_|sm,n00)-

Now, considering the form of G and the fact that the solution u of boundary
value problem (4.1) satisfies u[g = 0, we see that uy = ulg\g, is a minimizer of G
in the set {v € H'(Q\ Qo) : v|oa = f, v|w = 0} and u_ = ulg, is a minimizer of
G in the set {v € H(Q) : v|sq, = 0}.

Conversely, if U = vy in Q\ Qo and U = v_ in Qp where v, and v_ are
any minimizers of G in the sets {v € H'(2\ Qo) : wvlse = f, v|g = 0} and
{v e H'(Q) : v|an, = 0}, respectively, then U is solution of (4.1).

In particular, we see that the Cauchy data of solutions u of (4.1) on 9Q are
independent of u|q, and thus of ¢ inside H. This finishes the proof of Prop. 4.1. As
a concluding remark we note that by using the Courant-Hilbert min-max principle,
we see that there always are values of E such that minimization problem for v_ has
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non-zero solutions, that is, there are eigenstates U which have vanishing Cauchy
data on 0Q). O

Physically, this example has the following interpretation: In theory it is possible
to construct a potential wall ¢(x) such that no particles can “tunnel” through it,
using an analogy with quantum mechanics. Thus exterior observers can make no
conclusions about the existence of objects or structures inside this wall. Moreover,
inside H the solution can be in an eigenstate and its Cauchy data vanishes on the
boundary of Q. Thus, making another analogy with quantum mechanics, in this
nest the Schrodinger cat could live happily forever.
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