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ABSTRACT. In this paper, we study a class of sequences of polynomials linked to the se-
quence of Bell polynomials. Some sequences of this class have applications on the theory
of hyperbolic differential equations and other sequences generalize Laguerre polynomi-
als and associated Lah polynomials. We discuss, for these polynomials, their explicit
expressions, relations to the successive derivatives of a given function, real zeros and
recurrence relations. Some known results are significantly simplified.
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1. INTRODUCTION

Many polynomials having applications on the hyperbolic partial differential equa-
tions

for which the following two sequences of polynomials (U, (x)) and (V, (x)) defined
by

t" ~1/2 ~1/2
U, (x) — = (1—1t) exp (x ((1—1) -1)),
Tu (5 )
£ ~3/2 ~1/2
Vo(x)— = (1—-1) exp (x ((1—1t) -1
A (5 )
are considered, see [10, pp. 257-258] and [7, pp. 391-398]. They can be written as

U, (x) = xe ™ (%)n <x2n—1ex)’

V, (x) = ?(%m)”(xzmex)'

Recently, some studies of the sequence of polynomials (U, (x)) are given in [15, 25, 26].
Motivated by these works, to give more properties of these polynomials, we prefer to
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consider their generalized sequence of polynomials <L£f"[3 ) (x)) defined by

YL ()= -ttexp (x (-1 =1)), wBER B#0.

n>0

The first few values of the sequence (L,(f"/3 ( ) n > 0) are to be

60 () -
Lga’ﬁ) (—%) = XxX—u,

L <_%) = 22— Qu+B—1)x+ (a),,

Lé“’ﬁ) (—%) = x3—3(ac+ﬁ—1)x2+<3a2+(3a+5—1) (,B—Z))x—(oc)3,

where (a), :=a(a —1)---(a —n+1) if n>1 and (a),:=1.

We use also the notation (&), :=a(a+1)---(a+n—1) if n>1 and (a),:=1, and
we set in the rest of the paper by convention 0° = 1.

The paper is organized as follows. In the next section we give different expressions for

L,({X’ﬁ ) (x). In the third section we give special expressions for L,(f"ﬁ ) (x) and we show
that it has only real zeros under certain conditions on &« and B. In the fourth section,
we give some recurrence relations, and, in the last section apply the obtained results to
some particular polynomials.

(wp)
2. EXPLICIT EXPRESSIONS FOR THE POLYNOMIALS L,
. . . . . . w, .
In this section, we give some explicit expressions for L,(1 P (x). Two expressions of

Ly (x)

x) related to Dobinski’s formula and generalized Stirling numbers are given by
the following proposition.

Proposition 1. There hold

9 —x X
L (x) = e Y (—a—BR), 17
k>0
LY (x) = Y Sup(nk)2*
k=0
where
oo 1 k i (k .
Sup 000) = 10 (-0 () (e = i),
]:

To prove Proposition 1, the following theorem may be necessary.
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Theorem 2. [30, th. 7.50] Suppose that ¢, € C for each (m,n) € IN x IN and that ¢ in any
one-to-one mapping of N onto IN x IN. If any of the three sums

() mZ1<Zlcmnl> ;(;I%n!)f ké\%(k)‘

is finite, then all of the series

[e0]

(i) Y emn (m=12,...),
n=1

(it) ilcm,n n=12,...),

@ E (L) £(Lens) e
m=1 n=1 \im=1 k=1

are absolutely convergent and the three series in (iv) all have the same sum, where C and N
are, respectively, the sets of complex and natural numbers.

Proof of Proposition 1. By definition we have

ZL“ﬁ = e_x(l—t)“exp(x(l—t)ﬁ>
n>0
1 _t “+‘Bm
— fxzx )
m=>0
—x x™
= e Y | Y (ca—pm), ==~ ], |t <1,
>0 \iso m! n!
but for |t| < 1 if we set ¢y = ¥ (—a — fm),, 2. L we get
- £ L [x|™ ¢
(emn| = e " (o= pm), [ S < e el 1By T = Con

and
1t \"

= (Sew] = e SEEE alpim,

m>0 \n>0 m>0 ! n>0

= oy P (g gyl +1plm

m=>0

= e—xa—|t!>'“'exp(|x|<1—w>'ﬁ‘)

Online Journal of Analytic Combinatorics, Issue 15(2020), #02
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which is finite. Then, by Theorem 2, it follows

YU 0 = L (2 <—a—ﬁm>n’%,§)

n>0 m>0 \n>0
x™\ "
= (e D e, )

from which the first identity follows.
The second identity follows from the first by expansion e™* in power series. §

Proposition 3. There holds

a1 (nk).

n ~ ~
¥ =Y Sp (m, k) L) (x) with S5 (nk) = (~1)"*s .
k=0

Proof. Upon using the explicit expression of S,z (1, k) given in Proposition 1, we get
for |t| < 1:

n ﬂ = lk 1)k k —u — Bj ﬂ
ngbs,x,ﬁ( k)= k!];)( 1) (J')n;< Bidn
B lk k=i (R 4 atp
_ k'g( 1) (;) (1-1)

k
Then, if we set Hy (t) = (1 — )" */F ((1 —t)V/F 1) we get

ki()ga'ﬁ (L (x) = Y (~1)"Fs

k=0
— é(_l)n—kL]((arﬁ) (%) (%)”: (H,;d(t))
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So, by definition of the sequence (L,((“’ﬁ ) (x); k> 0) we have

o () (g ) = (8]t =

k>0

and since for k € {0,1,...,n} the coefficient of t* in the power series Hj (t) is zero, it

follows that
n d)” L@B) (o B ()
-1 — E X =0.
(= (dt £=0 <k2n+1 T it

- 3 (a,B) — 1
Hence ) Sy p(n,k) L, (x) = x". 1
k=0
Corollary 4. There holds

(—a — Bx), ZSM; n,j)

n
Proof. Let (—a — px), = }. 6 (n,]) (x);. Then, from Proposition 1 we get
j=0

(a,B) — X . x_k: . : —x
L," (x)=e ) (—a ﬁk)nk' Z(S(n,])<e Y (k ]k'> 2(5 n,j)x

k>0 ) j=0 k>j
which gives 6 (n,) = Sup (1,]) - 1
If B, denote the n-th Bell polynomial, then when we replace t by 1 — ¢! in the gener-

ating function of the sequence (L,(f"ﬁ ) (x)) , then L{"P (x) can be written in the basis
{1,B1 (x),..., B,y (x)} as follows:

Proposition 5. There holds

n

3 (1S (R L () = 1 ()" 4 (),

k=0 k=0
or equivalently
Zﬁ] (Z ) s (k)| o* ’) Bj(x),
j=0 k=j
where s (n,k) and S (n, k) are, respectively, the Stirling numbers of the first and second kind,
see for instance [6].

Let BV

nirkir (@i, 1> 1);(bi,i > 1)) are the partial r-Bell polynomials [5, 21, 28] defined
by

. v

4
TR (it (DJ ) (z —)
n>k ' ]>1 ] ]>0 ]

Online Journal of Analytic Combinatorics, Issue 15(2020), #02
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and B, ((a;,i > 1)) = B;S(,)Iz ((aj,1 > 1);(b;,i > 1)) are the partial Bell polynomials [1,

6, 18, 19]. An expression of L,({X’ﬁ ) (x) in terms of the partial r-Bell polynomials is as
follows.

Proposition 6. For any non-negative integer r, there hold

Sm.B (1’1 k) - Bi(H)—rk—i—r <<_IB>]’ <_“>j—1) ’
which imply

LR ( : k
ZBWW (=B (=aj)
Proof. From the proof of Prop051t10n 3 we have

S S (1, k) - = k|(1—t) ((1—t)ﬁ—1)k.

n>0

Then, we get

Y S (k) o = o (a-0f 1) @ -pr

n>0
k r
= 3 (Z <—ﬁ>n%> (Z <—a>n%)

n>1 n>0
r "
= LB (B 0 5
n

and this expansion gives S, 5 (11,k) = Bilr ktr ((—ﬁ>]~; <_“>j—1> -1

(@)

3. SOME PROPERTIES OF THE POLYNOMIALS L;

In this section, we show the link of the sequence of polynomials (L,(f"/3 ) (x)> to the
successive derivatives of a given function and we give sufficient conditions on « and j

(@p)

for which the polynomial L, "’ has only real zeros.

Lemma 7. There holds

L) (x) = (n -2 — o) L) () — p L) ().

Proof. One can verify that the function

Fup(tx) = (1—£)"exp (x ((1 — )P - 1))
is a solution of the partial differential equation

(1—1t) ;tY—FﬁxiY—k(uc—kﬁx) =0
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from which it results the desired identity. i

Theorem 8. For x > 0 and n > 0 we have

L <xﬁ) - (_1)”xn—4xe—x5 (%)” (x“exﬁ> ,

L) (xF) = ple ! ( % )” (1),

Proof. For the first identity, Lemma 7 gives
d
L (x) = (1= 1—a — px) L) (x) - px- L) (),

and if we set f,g“’ﬁ ) (x) == (=1)" X F L) (x), the last identity can also be written as

o, 1 d o, d o,
£t () = B P () = g At @

150 00 = (g ) () -0, we o

L (x) = (~1)"x P e ( (ﬁ/ﬁ)) (x%ex)
a\"

d
or equivalently L) (yf) = (=1)" y"—e ¥’ (dy> (y”‘eyﬁ> :
For the second identity, we proceed as follows

(W) (X¥ex> _ <%)y_xw (yn—,x—ley—ﬁ>

— (i)n lyn—l—tx—kﬁ
dy y:xfl/ﬁkzok!

which implies fy(f"/3 ) (x) = ( d(x?/ﬁ))

—1-a—kp

_ Y
= Z(n—l—oc—kﬁ)nT

k>0

y:x*l/ﬁ
k

= x%—lz <_“_k;3>n%

x
ie. L,(f"ﬁ ) (x) = ¥ e ( d )” <x“+il‘3_}1 ex> which is equivalent to the desired
identity. 1
Corollary 9. There holds
L () = ()" ()

Online Journal of Analytic Combinatorics, Issue 15(2020), #02
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and
S,x,ﬁ (n,k) = (—1)" Sn_l_a,_[g (n,k).

Proof. Theorem 8 remains true for any complex number x. Then, use its second identity
to obtain

Lg”—l_“/_ﬁ) <xﬁ> _ xn—txe—xﬁ (%>n (xaexﬁ> _ (_1)11 Lﬁf"ﬁ) (x,B) ,

which this gives the first identity.
The second identity follows from the first one and Proposition 1. 1

Theorem 8 proves that B, (xP) can also be written in a similar form as follows.

Proposition 10. For x > 0 and n > 0 we have

By (A +xF) = x%e (x% - % + /\)n (xe"), B#0,

or equivalently

n
By — p—efay (4 _ 2 ey
Bn</\+e ) e (dy ,B+A> (e ),,57&0.
Proof. From Proposition 5 we get

Ly (—1)¥S (n, k) LP) (x) = Z(Z) (g)kBk (x),

o k=0
which implies by using Theorem 8

(&) 5 () = L5 () Bseon vy ()

B () = (<) e B (1) (EE) ()
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Then, since the sequence of polynomials (B, (x);n > 0) is of binomial type, we can
write

By (A+F) = y (’;) B, (A) B ()

j=0

-t 0 () 41
= x % <x% — % + )n (x“exﬁ> ,

which remains true for « = 0. §

To study the real zeros of lea,/% ) , we use the following known theorem. Indeed, let
P; and P, be two polynomials having only real zeros and let x, < --- < x; and
Ym < --- < y; be the zeros of P; and P», respectively. Following [31], we say that
P, interlaces P; if m = n — 1 and
Xn SYp1 <X 1< ---<1y1 <x1
and that P, alternates left of P; if m = n and
Yn S Xn S Yn—1 S X1 <o Sy <X

Theorem 11. [32, Th. 1] Let aq, ap, by, by be real numbers, let Py, P, be two polynomials whose
leading coefficients have the same sign and let P (x) = (a1x + by) Py (x) + (axx + by) P> (x) .
Suppose that Py, P, have only real zeros and P, interlaces Py or P, alternates left of P;. Then, if
a1by < byay, P(x) has only real zeros.

Theorem 12. Let
A = {(oc,ﬁ)elRZ:([B—l)erélocﬁZO, ﬁ<0,tx§2},

A = {(a,ﬁ)elRZ;5>o,az1}.

Then, for (a, B) € A, the polynomial L,(f’ﬁ ) has only real zeros, n > 1, and, for («, B) € A, the

polynomials ngx,ﬁ ), . .,L((i’f ) has only real zeros, where [«] is the smallest integer > w.

Proof. We proceed by induction on n > 1. For n = 1, the polynomial LY‘) (x) = —Bx—«
has a real zero, and for n = 2, the polynomial

Lé“) (X)=PB2+BRa+B—1Dx+a(a—1)
has only real zeros when (B — 1) +4af > 0 and g < 0.
Assume that Lgx’ﬁ ) (x) has n (> 2) real zeros different from zero, since the heading
coefficient of L ) (x) is Sup (n,n) = (—p)" and the heading coefficient of %L,({X’ﬁ ) (x)

is nS,p(n,n) = n(—pP)", then they are of the same sign. Also, since %L,({X’ﬁ ) (x)

Online Journal of Analytic Combinatorics, Issue 15(2020), #02
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interlaces L,({X’ﬁ ) (x) it follows from Theorem 11 that if —f(n—a) > O, Li(fﬁ) has

only real zeros. The condition —f(n —a) > 0 is satisfied when (a,f) € A because
—B(n—wa) > —p(2—a) > 0. It is also satisfied when n € [1, [a] — 1] and («,B) € A
because —f (n —a) > —B([a] —1—a) > 0.1

Corollary 13. For & < 0 and B < 0 the sequence (Syg(n,k); 0 <k < n) is strictly log-
concave, more precisely

(S“,ﬁ (n,k))2 > <1+%) (14‘5) Sup (n,k+1)S“,ﬁ (nk—1), 1<k<n-1

Proof. For « < 0 and B < 0 the polynomial L,(f’ﬂ ) has only real zeros and its coefficients
Sap (11,k) are non-negative, so Newton's inequality [13, pp. 52] completes the proof. &

4. RECURRENCE RELATIONS

In [15, Sec. 2] (see also [25]), the authors give a differential equation having as
solution the function

(1—1)""2exp (x ((1 V2 1))

from which they conclude a generalized recurrence relation for the sequence (U, (x)).
The results of this section simplify and generalize these results.

Lemma 14. Let m be a positive integer. The function

Fup(t,x) = (1—t)"exp (x ((1 )P - 1))

satisfies

1-1" (%) " Fyup(t,x) = Fyp (£,x) LP) <x (1- t)ﬁ) .
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Proof. From the definition of F, g (f,x) and Corollary 4 we obtain

(5) Rt = (5) (a-0%ew (x(a-17-1)))
_ e—xzi_:( (%)m(l_t)a—&—kﬁ

k>0

— —xzk' DC—kIB ( )DH—k,B m

k>0
Xk (1 — £)kP
= (1—1’0(71125“[; m])Z(k)]%
]O k>0 ’
_ kB
j= k>0 k'

= 1-t)""exp <x <(1 — t)/3 — 1>> ;S“"B (m,j)x (1— t)]'ﬁ

= Fup(tx)(1—1t)" Zsaﬁ (m, ) x (1—t)P
J=

— Fup(tx) (1—t) " LiP (x (1- t)ﬁ) .
|

The next corollary gives an expression of L,(1 Jj,z (x) in terms of the family ka](‘X’ﬁ ) (x)) .

The obtained expression is similar to the expression of the Bell number B, :=
Bui+m (1) given in [29], Bell polynomial B, (x) given in [3, 12] and several gener-
alizations given later, see [14, 16, 17, 20, 33].

Corollary 15. For n,m =0,1,2, ..., we have
LI 0 = 3 () = B S () 41 ),
j=0k=0

In particular, for m = 1, we obtain

n

n : :
L) 0 == (1) (wln o+ 1= Bl ) 1P (0.
j=0
Proof. On using Lemma 14, Proposition 1 and the expansion
t

1-t7"=) (x); fik 1t <1,

j=0

Online Journal of Analytic Combinatorics, Issue 15(2020), #02
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we obtain

t” d\"
ZLn+m = (E) Fa,ﬁ(t/x)

n>0
= Fup(tx) (1= "L (x(1 - 1))

- (2L“‘ )(Zsaﬁ (m, k) (1 — t)—m+5k>

i>0

= Zsaﬁ (m, k) x (ZLM 1,) <Z<m—5k>]‘%)

i>0 j=>0

n

= LSy (Z (”) (m — B),,_ L")
k=0

n>0 \j=0
- £ (EE(1) i s mir e
n>0 \j=0k=0

which follows gives the desired identity. 1

Remark 16. For n = 1 in Corollary 15 we get

m—+1

Lt (x) = Y0 ((m = a = Bj) Sup (m, ) — BSup (m,j —1))

j=0

m—+1

<x>> :

(x)>

So, since from Proposition 1 we have L;(qff) (x) = Z Sap (m+1,7) x/, it results

j=
Sﬂé,ﬁ (m + 1/j) = (m — &= ;B]) Szx,ﬁ (mr]) - ﬁsa,ﬁ (mr] - 1) s
with Sep (m+1,j) =0ifj <0orj>m+1.
Proposition 17. There holds
n ! p!
x) =Y (-1)Fs, s (0 L) (x).
k=0 "B
In particular, for (&, ') = (a/A,B/A), (1,1) or (

L @) = 1 1 B () L ), 4 £ 0,
=0

L;(/l“,ﬁ) (

0,1), we get

n
k=0

L (x) = Y Sup(nk)x*
k=0
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k I al
Proof. From Proposition 3 we have x* = ]EOSM,/;/ (k,j) L](“ £ (x).

n
So, use the identity LP) (x) = ¥ Sap (n,k) x* of Proposition 1 to obtain
k=0

n k ] o B
L}({X,,B) (X) — Zsa’ﬁ (n, k) ( So/,ﬁ’ (k,]) L]( B) (.'X')>
k=0 =0

J

y (ism (1n,k) Su g <k,,-)> L) ().

j=0 \k=j

Now, since from the proof of Proposition 3, we have

n 1k
Lsus () = 5 (10 -0) -,

n>k

(n,7) -

it follows that M (n,]) := i Sap (11,k) §a//[5/ (k,j) = (-1 S“_,L/f3 b
k:] ,B/ ’,B/

Indeed, since

— (_1)k d\" B k o
Sup(nk) = () (1-a-wf) a-u®),
_ -_(_1)kik __%j__%
Swp (kj) = i )., 1-(1—-0) (1—0) ,
we get
Sep (k) =0ifk>n+1, Syg(kj)=0ifj>k+1
and

M(n,j) = Y Sap(nk)Swp (kJ)

k=0
SONCHENEESS S

of

1N/ o
where H (v) = <1 —(1- v)ﬁ’) (1—2v) # .Butby the Maclaurin formula we have

k
S
— (1 ~( —u)f')ju _uyHP,

Online Journal of Analytic Combinatorics, Issue 15(2020), #02
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so, we get
Minj) =+ () [(1 ~a-wh) a- u)“‘?““] = (1S, gy ().
jE\du )y by
1
As a consequence of Proposition 17, by combining it with Propositions 1, it results:

Corollary 18. For any real numbers w, o', B, B’ such that B’ # 0, there hold

n

(—a—pBx), = ) (—1)j Sa_gﬁ B (n,j) (=o' = ﬁ/x>j’

j=0 BB

n / . .
Swp (k) = Z(_l)]sa_%;ﬁ,g (1,7) S pr (G K) -

=

5. APPLICATION TO PARTICULAR POLYNOMIALS

5.1. Application to the polynomials U, and V.. For n > 1, the polynomials U, =
~1/2,~1/2) (=3/2,—1/2)

L,(1 and V,, =L, defined above, Propositions 1, 5 and 6 give
— X k1N 2 — X k+3\  xf
U, (x) =e k§0< . >nk!' Vi (x) =e k§0< > >nk!’
3 k 2 k
Uy (x) = k205—1/2,—1/2 (n,k) x~, Vi (x) = kZOS—s/z,—uz (n,k) x¥,
n n ,k n n k
U, (x) = 'Zo <k21|5(’21_k)|) B; (x), Vi (x) = ‘ZO% (kz' s (n,k)| (3) > B; (x),
= =] = =]

_ v g 1\ ./1 k _ v g 1\ ./3 k
Uy (x) = k§03n+1,k+1 <§>].'<§>]._1 X, Vu(x) = k§03n+1,k+1 <§>].'<§>j—1 X
Theorem 12 proves that the polynomials U, and V;, n > 1, have only real zeros and
Theorem 8 shows that, for x > 0, there hold

u, (%) = (1) e (%)n (%ei&),
() - o (1) ()
U, (Vx) = Vaxe V* (%)n (xnfl\/}e\/}>,

Vo (V) = Vae*VF ( 4 ) (1 /e V5.

and

dx
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5.2. Application to the generalized Laguerre polynomials. We note here that the se-

quence of generalized Laguerre polynomials (IL,SA) (x)) (see for example [4, 9, 27])

defined by

YL () = (1- )M Lexp (—1"_t t)

n>0

presents a particular case of the sequence (L,(f’ﬁ) (x)) ,1.e. ]L,(f) (x) = %L,(f)‘fl’fl) (x).
Propositions 1, 5 and 6 give

() 2t
k>0
(A) 1y n—k (1 k
L (@) = i (G0 () A1
k=0
1 n n o
L () = — (}:|s<n,k>|m+1>k f) B; (x),
=0 \k=j

A 1 &
LY (x) = EZB;QLkH <<1>j2 (A + 1>j—1> x~.

Corollary 9 gives

(—1)nL(n+A,1) (x)

nt "

_ (_nll)n (%)n ((1 _ t)n+A e—xt)

1 n
= —'Z() (n+A), ik

To write L) (x) in the basis {1,1L§” (x),...,LYY (x)} st (o, B) = (—A —1,—1) in
Proposition 17 to obtain

, n . . A
L (x) = Y (1) 18 usnyp—p () LYY ().
=0

Theorem 12 proves the known property on the generalized Laguerre polynomials ]L,(f‘),
n > 1, that have only real zeros (here for A > —2), for more information about the real

zeros of Laguerre polynomials see for example [8]. Theorem 8 shows that, for x > 0,

Online Journal of Analytic Combinatorics, Issue 15(2020), #02
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there hold
W (1Y _ (—-1)" n14A,—1 d\" /1 _aq 1
L (x) T ¢ dx (x ¢ )’

—A,—x d n
]LSzA) (x) = x e (E) (xn—k/\ex).

n!

We remark that for A = 2r — 1 be a positive odd integer, we obtain

@1 (1N _ (D" a1 (AN (1 1\ _ 1 L(ntrk+r)
]Ln (_> = —x""e % ﬁe = EZ xk ,

|
x n! =

where L, (n,k) is the (n, k)-th r-Lah number, see [4, 22, 24].

5.3. Application to the associated Lah polynomials. Let m be a positive integer. The
sequence of the associated Lah polynomials (,CS”) (x)) are studied in [2, 23] and are
defined by

ZE,(J") (x) :Z—n' = exp <x ((1 —t)" — 1>> :

n>0
This shows that ,cﬁl’”) (x) = L,(qo’_m) (x) . Propositions 1, 5 and 6 give
L0 (x) = e ¥ k), 2, L0 (x) = ¥ So_m (n,k) 2,
k>0 ' k=0
L3 (x) = Ll |s (n, )| By (x), L") (x) = ¥ By ((m);) .
j=0 k=0

To write L{“" (x) in the basis {1,£§m) (x) L (x)}, set (a/,8) = (0,—m) in
Proposition 17 to obtain

L (x) = Y (<1, (m) £ ().

Theorem 12 proves a known property of the associated Lah polynomials [,flm), n>1,

that have only real zeros and Theorem 8 shows that, for x > 0, there hold

(m) i _ _q\n . n,—1/x™ i " 1/x™
(&) = e () (@),

cim (x™) = xe ¥ (%)n (x”_lexm> .
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