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for x > 0 and n > 1, it follows that for x > 0
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which is integrable over (0, 00). Furthermore, since
T
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for all z > 0, the dominated convergence theorem implies that
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(2) (34 Points)
Let f : R — R be Lebesgue measurable, and consider the set

A={(z f(z)):z € R} CR?

Show that m(A) = 0, where m is Lebesgue measure on R?.
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Solution: There are at least two solutions,

Solution 1: Consider 14(x,y). For x fixed, 14(z,y) = 0 except at
one point, namely y = f(z) and so for each = we have [ 14(z,y)dy =0

and hence by Tonelli’s theorem

m(A) = /R 1
:/R</R1A(g;,y)dy> dr
:/Rde

0

Solution 2: Let Ry = AN ([k,k+ 1] x R). Since A = Ugez Ry, we

need only show that m(Ry) = 0 for all k.
Thus we need only consider

A={(z f(z)):z€[0,1]}
Fix N > 0. For k € Z, let

By = {I €[0,1): f(x) € (%%H

k kE+1
Ak:BkX {N,T}

Note that A C UgezAx. Thus,

m(A) <Y m(Ay)

< Y omiB)
< —m(A)

since A equals the disjoint union of the Ay.

(3) (33 Points)

Show that for all a € (0,1) we can construct a set £ C [0, 1] with
m([0,1] \ E) > a, such that for every nonempty interval (z,y) C [0,1]

we have m((z,y) N E) > 0.
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Solution: Given a > 0, choose n such that 23,7 27% < 1—a. Let
(q1, G2, - - .) denote the set of rationals in [0, 1], and let
o
E=100,1]n{{J (g —2"* ", g +2 ")
k=1
Since the rationals are dense in [0, 1], it follows that for every nonempty
interval (z,y) C [0, 1] we have m((z,y) N E) > 0. Also,

m([o,l]\E)21—2§:2kz1—(1—a):a

k=n



