MTH 235: HOMEWORK 6

Scoring. Each problem is worth 3 points, where 3 points are awarded if the problem
is entirely correct, including a sufficient amount of justification; 2 points are awarded
if the student shows a general understanding of the main ideas of the problem,
but their argument is flawed or not sufficiently justified; 1 point otherwise if the
problem is at all attempted; 0 points are only given if the student does not attempt
the problem. Also, if you award 1 or 2 points for a problem be sure to let the
student know exactly what they did wrong and how they can fix their solutions.

Problem (Section 2.5; Problem 7). In R?, let L be the line y = mx, where m # 0.
Find an expression for T'(x,y) where

(1) T is the reflection of R* about L.
(2) T is the projection on L along the line perpendicular to L.

Proof. (1) Let L be the line y = ma and let L be the line perpendicular to
L, given by y = —%m. Consider the vectors (1,m), which lies on L, and
(—m, 1), which lies on Lt. If T is the reflection of R? about L, then we
have the following:
T(1,m)=(1,m)
and
T(-m,1) = (m,-1) = —(—m,1).

=il ) ()

be a basis for R?, the matrix representing T in this basis is given by

[T]B'Z((l) _01>~

We now need to calculate the change-of-coordinate matrix [I]g,, chang-

ing (#’-coordinates into [-coordinates, as well as its inverse [I ]g, changing

Letting

B-coordinates into 3'-coordinates, where (3 is the standard basis for R2.
Immediately we get that

o=t =, )

To find [I ]gl, we need to solve the following systems of equations
(1,0) = a1 (1,m) + as(—m, 1) = (a1 — mag, may + as)
and
(0,1) = asz(1,m) + as(—m, 1) = (a3 — may, maz + ay)

We find that
1 -m
= T = M
T+m2 2 14 m2
1
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and

Hence we find that

-~ ’ 1 1
Ql:mgzlﬂﬁ(m7?)

Using Theorem 2.23 we have that
[T]s = QT]p Q"

_ 1 1 —-m 1 0 1 m
T 14 m2\m 1 0 -1 -m 1
_ 1 1 —-m 1 m

T 14+m2\m 1 m —1

1 1 —m?2 2m

_1+m2 2m m2—1 ’

Since 3 is the standard basis for R?, T is just left multiplication by [T] 35
so for all (z,y) € R?, we have that

1 1 —m? om x

1 < (1—m?)z + 2my )

T 1+ m2\ 2ma+ (m2-1)y

(2) Let T be the projection on L along L*. Since

;o 1 -m
g=t( ) (TN
is a basis for R?, every vector v in R? can be written as v = | 4+ [+ where
l €L and [+ € L. Then T(v) = I. Hence
T(1,m)=(1,m)
and
T(—m,1) =(0,0),

=g 0 )-

Note that the coordinate change matrix ) and its inverse Q! are as above.
We calculate

[Tl =QIT)pQ "

so that

1 1 —-m 1 0 1 m
T 14m2\m 1 0 0 —-m 1
- 1 1 —-m 1 m
“Tamz\lm 1 0 0

1 1 m

T 14m2\m m? )
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Then for any (z,y) € R? we have

T(x,y)=1+1m2<7711 n@)(f;)

_ 1 T+ my
T 14m?2 \ mz+miy )

Problem (Section 2.5; Problem 9). Prove that “is similar to” is an equivalence
relation on My (F).

(]

Proof. We first show reflexive. Let A € M,,«,(F). Then the identity matrix I is
invertible and A = I"'AI; hence A is similar to itself for each A.

Next, let A, B € M, x,(F) such that A is similar to B. Then there exists an
invertible matrix @ such that B = Q 'AQ. Since Q is invertible, Q! is also
invertible with inverse (Q=1')~' = Q. From the above equation, we have that
A= (Q H71BQ™!, so that B is similar to A.

Finally, let A, B,C € M, «,(F) such that A is similar to B and B is similar
to C. Then there exist invertible matrices @, Q’ such that B = Q7 'AQ and C =
(Q")"'BQ’'. Now, since Q,Q’ are invertible, QQ’ is also invertible with inverse
(QQ)™' = (Q")~'Q~!. The above equations then imply that C = (Q')"'BQ’ =
Q)" HQTAQ)Q = (QQ")1A(QQ"). Hence A is similar to C, and we conclude
that “is similar to” is an equivalence relation. ([

Problem (Section 2.6; Problem 3). For each of the following vector spaces V and
bases (3, find explicit formulas for vectors of the dual basis B* for V*.
(1) V=R% ={(1,01),(1,2,1),(0,0,1)}
(2) V= PQ(R)! ﬂ = {1,$,.’£2}
Proof. (1) Let f1 be the dual vector to (1,0,1), that is, fi : V — R such that
f1(1,0,1) = 1; f1(1,2,1) = 0; f1(0,0,1) = 0.

Using the linearity of f; to expand the left sides of these equations, we get
the following system:

1= f1(1,0,1) = fi(e1) + fi(es);
0= f1(1,2,1) = fi(e1) +2fi(e2) + fi(e3);
0= fl(ovov 1) = fl(e?))a
where {ej,eq,e3} is the standard basis for R®. The last equation gives

that fi(e3) = 0 which from the first equation, yields that fi(e;) = 1.
Plugging this into the second equation yields that f(es) = —i. Thus

2
fl(l’,y7z) =T — %y

Similarly we have the following system for fs, the dual vector to (1,2,1):

0= f2(170a 1) = f2(61) + f2(63);
L= f2(1,2,1) = fa(e1) +2fa(e2) + fa(ea);
0= f2(070a 1) = f2(e3)'

Again, the last equation gives that fy(es) = 0, which by the first equation,
we have that fa(e1) = 0 as well. Hence from the second equation we find
that f2(62) = %7 and so fQ(xayaz) = %y
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Finally, we have the following system for fs3, the dual vector to (0,0, 1):
0= f3(1,0,1) = fs(e1) + f3(es);
0= f3(1,2,1) = fz(e1) +2f3(e2) + f3(e3);

1= f3(0,0,1) = f3(ea).

The last equation yields that fs(es) = 1, so that by the first equation
f3(e1) = —1. Plugging this into the second equation we find that f3(e2) = 0.
Thus, f3(x,y,2) = —x + z.

(2) If {g1, 9z, ge2} denotes the dual basis to {1,z,2%}, then for an arbitrary
element a + bx + cx? in P»(R) we must have

gi(a+ bz +cx?) = agi (1) +bgi(2) +cgr(2®) =a*x1+bx0+c*x0=a,
gola + bz + cx?) = aga(1) 4+ bga(x) + cgo(2?) =a*x0+bx14+cx0 =0,
(

g3(a+ bz + cx?) = ags(1) + bgs(z) + cg3(2?) =a*x0+bx04+cx1=c.
|

Problem (Section 2.6; Problem 8). Show that every plane through the origin in
R® may be identified with the null space of a vector in (R®)*.

Proof. Let P denote a plane through the origin in R®. Then P is a subspace of R,
and so has a basis 8 = {p1,p2}, that is P = {ap; + p2 : a,7 € R}. Extend this to
a basis 3 = {p1, p2, v} for R?, and consider the dual basis (8')* = {p},p5,v*}. We
now show that P = {(z,y, 2) € R® : v*(x,y, z) = 0}.

Let (x,y,2) € P. Then (x,y, z) = api +yp2 for some a,v € R, and v*(x,y, z) =
v*(ap1 + yp2) = av*(p1) + w*(p2) = a* 0+ %0 = 0 since v* is the dual
vector to v € (. Conversely, let (z,y,2) € R® such that v*(z,y,2) = 0. Now,
(2,9, 2) = apy + bpa + cv since 3’ is a basis for R®; however,

0 =v"(z,y,2) = v*(ap1+bpa+cv) = av™(p1)+bv* (p2)+cv* (v) = ax0+bx0+cxl = ¢,

so that (z,y,2) = ap1 + bpa € P. Thus we may identify P with the null space of
v* as desired. (]

Problem (Section 2.6; Problem 13). Let V be a finite-dimensional vector space
over F. For every subset S C V, define the annihilator S° of S as

SO={feV*: f(x)=0 for allz € S}.

(1) Prove that S° is a subspace of V*.

(2) If W is a subspace of V and x ¢ W, prove that there exists f € WO such
that f(x) # 0.

(3) Prove that (S°)° = span(y(S)), where 1 is defined as in Theorem 2.26.

(4) For subspaces W1 and Wy, prove that Wy = Wy if and only if W = WJ.

Proof. (1) First, the zero map is clearly in S°. Let f,g € S° ¢ € F. Then
(f+9)(x) =f(@)+g(x) =0+0=0forallz €S; (cf)(x) =cx f(x) =
cx0 =0 forall z € S. Hence f+g € S and ¢f € S°. Thus S° is a
subspace of V*.
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Let By = {w1,...,wr} be a basis for W. Since x € W, By U {z} is a
linearly independent set in V', and hence can be extended to a basis By for
V. Let 3}, denote the dual basis to By, and let * denote the dual vector
tox, i. e, 2*(v) = 1if v =z and 2*(v) = 0 for all v € fy \ {z}. In
particular, z*(z) # 0; it is left to show that z* € WY, Let w € W. Then
w = Zle a;w; for some a; € F. Since w; € By \ {z} foralli =1,...,k,
we have the following:

k k k
" (w) = gc*(z w;) = Zaix*(wi) = Zai *0=0.
i=1 i=1 i=1

Hence z* € W° and z*(x) # 0.
Let x € span(y(S)). Then z = Y"1 | ay1)(s;) for some s; € S and o; € F.
Let f € S°. Then

z(f) = Zaiw(si)(f) = Zaié\i(f)
i=1 i=1

= iaif(si) = iai *0=0.
i=1 i=1

Hence z € (59)°.

Now, since span(1(S)) is a subspace of V**, a finite-dimensional vector
space, there exists a basis {51,...,5,} for span((S)). Extend this to a
basis 3 = {81, .+, 5msTmil,---,Tn} for V**. Using 1, this gives a basis
Bv = {51, 8m;Tm+1,---,2n} for V. Finally, from this we can get the
dual basis By- = {s},..., 85, Th 41, .-, 25} for V*. Note that by definition
of the dual basis, 2 € SY for each i =m +1,...,n.

Let z € (SY)°. We will show that z € span(¢(S)). Since (S°)° C V**,
we have that x = >\ | ;8 + Z?:m_H o;T;. Then 0 = z(z}) = «; for each
i=m+1,...,n. Hence z =Y 1" «;5; € span(¢(S)).

First note that f € WY if and only if f(w) = 0 for all w € Wy = W if and
only if f € WY. Thus W = WY. Now assume W; # Ws. We show that
WP # W3, Without loss of generality, assume w € Wy and w ¢ W,. By
part (2) there exists f € WY such that f(w) # 0. Hence, f ¢ W?, and so
WP £ WJ.

(]



