Math 161 Spring 2003
Review - 1

THEORY
Useful formulas

(a+0)? =a*+2ab+b*, (a—b)?=a®>—2ab+b?
(a+b)(a—b) =a®>—b

Intervals

z € (a,b) <= a<z<b

z€la,b) <= a<z<b

z € (a,b] <= a<z<b

z€la,b] <= a<z<b

e € (a,+0) <= a<z
ez ca,+0) < a<z
e z€(—00,b) < z<b
o z€(—00,0 <= z<b

Absolute value

| = z if >0
=Y =z if z<0

If a is a positive number,

o |z|=a < x=—-a or z=a

e 7|<a <= —a<zr<a <= z€(—q,a)

o z7|<a <= —a<z<a < z€][-a,q]

o [z|>a <= z<—a or x>a < z€(—00,—a)U(a,+00)
e |z|>a <= zr<-a or t>a <= z€ (—o0,—a]U][a,+0)



Coordinate geometry and lines

The distance between two points P(z1,y1) and Q(x2,ys) is

IPQ| = v/(z2 — 21)* + (y2 — y1)>.

The slope of the line that passes through points P(xz1,y;) and Q(xe,yo) is

Y2 — Y1

The slope of a horizontal line is equal to 0.
The slope of a vertical line is undefined.
An equation of the line that passes through the point P(z,y;) and has slope m is

y—1y =m(xz —z;) (point-slope equation)

To find an equation of the line that passes through points P(z1,y;) and Q(z2,y2),

first find its slope and then use the point-slope equation.

1s

An equation of the line that has slope m and intersects the y-axis at the point (0, b)
y =mz + b (slope-intercept equation)
The equation of any line can be written in the general form:
ar+by+c=0

Two non-vertical lines are parallel if and only if they have the same slope.
Two non-vertical lines with slopes m; and my are perpendicular if and only if m; -

Mo = —1.



Trigonometry

180° = 7 rad = —rad
180
. 9 9 sinx 1 1
sin“x +cos“z =1, tanz = , secx = , CSCT = —
cos T cos T sin x
sin(—z) = —sinz,  cos(—z) =cosz, tan(—z)=—tanz

sin(z 4+ 27) =sinz, cos(x + 27) =cosz, tan(z+7)=tanx

sin(2z) = 2sinz cos z, cos(2z) = (cosz)? — (sinz)?

x |0| w/6 | w/4 | w/3 |w/2| 7
cosz | 1[+3/2|v2/2| 1/2 | 0 | -1
sinz |0| 1/2 [v2/2|V3/2| 1 | 0

arcsinz =sin"'z =y s.t. siny=zand — = <y <

T T
2 2

arccosT = cos L = y st. cosy=zand 0 <y <7

i T
arctanx:tan_lx:y s.t. tany = x and —§§y§§

Exponential functions

- Functions of the form a”.
Laws of Exponents:

a
e oF V=
a¥

(@) = (@) = @

o {/a=all*

e = 2.71828... - the only number s.t.
the tangent line to the curve y = e”
at (0, 1) has slope 1.




Domain and Range

Def. The domain of f(z) is the set of all values of x for which f(x) is defined.
Def. The range of f(z) is the set of all values of y = f(x).

Transformations of functions

Let @ > 0 and b > 1. To obtain the graph of

e y = f(z) + a, shift the graph of y = f(z) a units upward.

e y = f(z) — a, shift the graph of y = f(z) a units downward.

e y = f(z + a), shift the graph of y = f(z) a units to the left.
(z)

e y = f(z — a), shift the graph of y = f(z) a units to the right.

e y = bf(x), stretch the graph of y = f(z) vertically by a factor of b.
oy = @, compress the graph of y = f(z) vertically by a factor of b.
e y = f(bx), compress the graph of y = f(z) horizontally by a factor of b.

e y = f(%), stretch the graph of y = f(z) horizontally by a factor of b.

y = —f(z), reflect the graph of y = f(z) about the z-axis.

y = f(—x), reflect the graph of y = f(x) about the y-axis.

Composition of functions

(fog)(z) = fg(x))



Inverse functions

If f is a one-to-one function with domain A and range B, then its inverse function
f~! has domain B and range A and is defined by

f[la)=y = fly)==

To obtain the graph of f~!(z), reflect the graph of f(x) about the line y = .
To find a formula for the inverse function of f(x):

1. Write: y = f~'(z) means z = f(y).

2. Solve x = f(y) for y in temrs of z.

Logarithms
If a >0, a # 1, then log, x is the inverse function of the function a®, i.e.
log,z=y <= d' =2z

log,  is defined only for positive z.
Laws of logarithms:

e log, zy =log, z + log, y

log, § =log, = —log, y

log, 2" = nlog, z

log, 1 =0

log,a =1

log, is denoted by In.

In1=0, Ine=1, In(e*)=a, e"¥=gq

In(eb) =Ina +Inb, ln(%) =Ilna—Inb, In(a")=nlna



Tangent line

A tangent line to a curve is a line that "touches” the curve. To find an equation
of the tangent line to the curve y = f(z) at the point P(a, f(a)), we have to know its
slope. Let Q(z, f(x)) be another point on the curve. The slope of the secant line PQ

is mpg = M. The slope of the tangent line at P is the limiting value of the
r—a
slopes of secant lines PQ as Q approaches P, i.e.
m = lim mpg = limM
Q—P T—a T —aQ

The limit of a function

Def. We write lim f(z) = L and say ”the limit of f(z), as = approaches a, equals
r—a

L” if we can make the values of f(x) arbitrarily close to L (as close as we like) by taking
x to be sufficienly close to a, but not equal to a.

Note: The function f(z) may or may not be defined at the point a.

If the values of f(z) do not approach any number as = approaches a, we say that
the limit il_)lré f(z) does not exist.

lim f(z) =L lim f(z) DNE

T—a r—a

Def. We write lim f(z) = L and say ”the limit of f(x) as x approaches a from the

r—a—
left is equal to L” if we can make the values of f(x) arbitrarily close to L by taking x

to be sufficiently close to a and x less than a.
Def. We write lim+ f(z) = L and say ”the limit of f(z) as x approaches a from the

r—a
right is equal to L” if we can make the values of f(z) arbitrarily close to L by taking x

to be sufficiently close to a and x greater than a.



lim f(z) = L if and only if lim f(z) =L = lim f(z)

T—a T—a~ z—at
lim f(z) =Ly
T—a~
lim f(z) = Lo
z—at

lim f(z) DNE b/c Ly # Ly
r—a

Def. lim f(z) = oo means that the values of f(x) can be made arbitrarily large by
T—a
taking x sufficiently close to a, but not equal to a.
Def. lim f(z) = —oo means that the values of f(z) can be make arbitrarily large
r—a

negative by taking z sufficiently close to a, but not equal to a.

lim f(z) = oo lim f(z) = —oo

The definitions for one-sided infinite limits are similar. Here are the pictures:

lim f(z) =00 lim f(z) =00 lim f(z) = —o0 lim f(z) =—o0
T—a~ T—a T—a~ T—a
If at least one of these 4 conditions holds, the line x = «a is called a vertical asymptote

of y = f(x).



Limit laws

Suppose that ¢ is a constant and the limits lim f(z) and lim g(x) exist. Then
T—a Tr—a

L. lim f(z) + g(2) = lim f(2) + lim g(z)

2. lim f(z) — g(z) = lim f(z) — lim ¢(z)

3. il_I)IClle(iE) = Cil_I}I(llf(:L')

4. lim [f(z)g(z)] = lim f(z) - lim g(z)
flo) _mi@

P e T g AR 7O

6. lim [f(2)]* = [lim f ()]
7. lim {/ f(z) = lim {/f(2)

8 lime=c
r—ra

9. imz=a
r—ra

10. lim z€ = a°

r—a
11. lim /z = a
r—a

If P(z) is a polynomial function (i.e. P(z) = apx™ + ap_12™ ' ... a12 + ag), then for
any ¢, lim P(z) = P(c).
Tr—C

"™ + ap_12" . La1x + ag

bn$n + bn_l.’lin_l “en b1$ + b()
any c such that P(z) is defined at ¢ (i.e. the denominator is not equal to 0 at c),
lim P(z) = P(c).

T—C

If P(x) is a rational function (i.e. P(z) = ), then for

Squeeze theorem. If f(z) < g(z) < h(z) when z is near a, and lim f(z) =
T—ra
lim h(z) = L, then lim g(z) = L.
r—a

Tr—ra



Continuity
Def. A function f(z) is continuous at a number a if

1. f(a) is defined.

2. lim f(x) exists.

r—a

3. lim f(z) = f(a)

Tr—a

If f(x) is not continuous at a, we say f is discontinuous at a.

Def. A function f(z) is continuous on an interval if it is continuous at every number
in the interval.

Theorem. All power, polynomial, rational, exponential, logarithmic, trigonometric,
and inverse trigonometric functions, as well as all their combinations and compositions
are continuous everywhere in their domain (i.e. wherever they are defined).

Limits at infinity and horizontal asymptotes

1. lim f(z) = L means that the values of f(x) can be made arbitrarily close to L by

T—00

taking = to be sufficiently large.

2. lim f(z) = L means that the values of f(z) can be made arbitrarily close to L
T——00

by taking = to be sufficiently large negative.

If at least one of the conditions 1 and 2 holds, then the line y = L is called a
horizontal asymptote of y = f(z).

Thus, to find the horizontal asymptotes of y = f(x), find the limits lim f(z) and
T—r00
lim f(z) (if they exist. If neither of these limits exist, then the curve y = f(z)
T——00

does not have horizontal asymptotes.)



