Math 143 (Calculus III) Exam 1 REVIEW October 20th, 2009

1. (16 points) Page 1, Problem 7.
(a) Circle whether each of the following integrals is proper or improper. Evaluate each of the
following integrals if they exist. If they do not exist, then say so. Show all your work.

(1) Circle one: proper or improper

f 4x3e™ dx
0

Solution: Since the upper limit is oo this is an improper integral.
f 43¢ dx = lim 43¢ dx
0

—00
a 0

Let u = —x* then du = —4x>. If x = 0 then u = —0* = 0 and if x = oo then u = — (c0)* = —oc0

so with a u-substitution we get
a
= lim —¢"——-¢"=0+¢" = 1.

0 a——00

= lim —eédu = lim —é€"

a—=o0 Jo a——oo

(i1) Circle one: proper or improper

T
f dx =
s (x=5)°

Solution: Since

1
(x-5)°
integral is improper (since 5 is inside the limits of integration.)

7 1 . A 1 . 7 1
So 3dx = lim 3dx + lim 3dx =
4 (x=5) a=5" Jy (x=5) b=5"Jp (x—=5)

The integral converges only if both of the integrals above converge. We’ll try the left integral
first.

has a vertical asymptote at x = 5 (where the denominator is zero) the

a 1 a _5 214
lim dx=tim [ (-5 dr= tim S22
a5 Jg (x = 5) a—5" Ju a—5"

— 1_ _
=-00+35=-0

) 1 1
= lim -
s 5 (=2)(a-5)7 (-2)(4-5)

7
Since this integral diverges, f dx must also diverge.
4

(x-5)°

(b) For which values of p does f — X converge, and for which values of p does it diverge? You
1 X

can answer this from memory.

Solution: The integral converges for p > 1 and diverges for p < 1
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Math 143 (Calculus III) Exam 1 REVIEW October 20th, 2009

2. (10 points) Page 2, Problem 1.

Compute the length of the curve y = %2 —Inxfromx=1tox=2

Solution:

To compute arc length with cartesian coordinates you must integrate \/(%)2 + 1. So the lets find
out what that is.

dy2+ _(x 12+1_x2 l_l_l_l_l_x_l_l2
dx 4 x 16 2 X2 4 x

Using the above information we get that

e [T o 5
5 )]0

2
X
= —+1n|x|

1
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3. (10 points) Page 3, Problem 2. Compute the area of the surface obtained by rotating the curve
y = x° from x = 0 to x = 1 about the x-axis.
Solution:

By graphing the curve one can easily see that the radius caused by revolving the curve about the

2
x-axis is the y-value. To integrate f 2nrds (recall that ds = /1 + ( %) dx or dy) we get the integral

1 / dv\2 1 1
f27rrds = f vall+ (d_y) dx = 27rf 41+ (3x2)dx = 27Tf x* V1 + 9x*dx
0 o 0 0

So we must do a u-substitution:
u=1+9x*sodu=36xdx = %du = xXdx
Also,x=0=u=1+9-0*=1landx=1=2u=1+9-1*=10

So we get

10

_ 2”_7(103/2 _ 13/2)
1

2 10 T 101 T
= du = — idu= — -
36", Vudu 18f1 A= TR

3
2

2
3

U
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4. (10 points) Page 4, problem 3.

Compute the area of the surface obtained by rotating the curve y = x> from x = 0 to x = 1 about
the y — axis.

Solution:

By looking at a picture one can easily see for the this curve that the radius will be the x value, so

1 / dv\2 1
SA:f2ﬂrds=2ﬂf X 1+(d_i)c) dx:ZJTf x V1 +4x2dx
0 0

Solet u = 1 + 4x* and then du = 8xdx = gdu = xdx
Alsox=0=u=144-0>=landx=1=u=1+4-12=5
Thus

we get

2 (P 21 2 3p55 T oiap q3n
SAzgflV \/ﬁdu:§~§u |1:E(5 —1)

Page 4 of 10
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5. (15 points) Page 5, problem 7.
(a) Find the area under the curve represented by the parametric equations

x=2cost y = 5sint

1+cos(2x)

or cos® x = —3

Fromt = wtof=0. Use sin® x = %

if necessary.

Solution: To find the area beneath a parametric curve we must integrate f y - x'dt So we get

0 0 0 1 _ 2t 0
f (5sint)(—25int)dt:—10f sinztdt:—IOf %()dz:—sf 1 — cos (20) dt

=-5 1'2t0—501'0 1'2
= — (t—ism( )n—— —Esm()—ﬂ—ism( ﬂ))

=-5[(0-0) - (- 0)]=-5(-1) =57

(b) Find the length of the curve, Cm from ¢ = 0 to t = & where C is given by the parametric
equations

x=2cost y =2sint

Solution: To find arclength in parametric coordinates we must integrate \/ (X' () + 6% ())?
So we get

f \/(—2 sinf)? + (2 cos 1)’dt = f V4 sin® 1 + 4 cos? tdt = f Vadt = (2Dly = 2n
0 0 0
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Math 143 (Calculus III) Exam 1 REVIEW
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6. (10 points) Page 6, problem 1.

(a) Represent the point (r, 6) = (—2, g) in Cartesian Coordinates.

Solution: x = rcos 8 = -2 cos (%) =-2-0=0
y=rsing=-2sin(3)=--2-1=-2

So the point is (0, —2).

(b) Represent the point (x,y) = (=3, 3) in polar coordinates.
Solution:
r=A2+y2= (=37 +32= VI8

6 = arctan (_%) =arctan(—1) = _%

Notice that the polar point ( V18, —%) lies in the 4th quadrant. But (-3, 3) is in the 2nd quad-

rant. So must adjust either r or 6 to get the point.

If we change r we will get » = — V18 (instead of V18). So the point is: (— V18, —Z—{)

3

If we change 6 we must add . So we get 6 = =% + m = <. So the point is:

(V5.5)
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7. (20 points) Page 7, problem 2. Given the polar curves r = 4sin6 and r = 23, find the
following.

(a)

(b)

The cartesian equations of the two curves.
Solution:

The Curve r = 45sin# is a circle that opens upwards on the y-axis with a diameter of 4. So it

has a radius of 2, and its center is (0, 2). So its cartesian equation is x> + (y — 2)? =22,

The curve r = 2 V3 is a circle with radius 2 V3 centered at the origin. So its cartesian equation
2
is 2% + )2 = (2V3) = 12.

Note. You can solve both of these for y, but thats unnecessary.

All intersection points of the two curves (It helps to sketch the curves)

Solution: Need to find when 4 sin theta = 2V3 = sin6 = %/5 = %5 SO
V4
0 = n— = —
arcsin —- = =

N3
2

z

3 1s a first quadrant angle. There is a second angle where sin 6 = == its the same angle in the

second quadrant. So the second angle is

0=m-—

dl
33
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Page 8, problem 2c.

(c) The area of the region that lies inside the first curve and outside the second. Use sin’x =

1—cos (2x) 1+cos(2x)
2 2

or cos? x = if necessary.

Solution: Recall that to find the area inside a polar curve one must integrate %rz. Also recall
that we calculated the limits of integration in part (b). So we get

2n 2n 2n

1 (¥ » 1 (% ¥
Azif (4sin6)* - (3V2) d@:if 16sin29—12d0:2f 4sin® 0 - 3d6
% I

3

wIN

2n 2

:2[3 2(1—COS(29))_3d9:2f3 _1—2cos(26)d9:—2[0—sin(20)]72,r31
z 3 3

3 3

el 25 D)
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8. (10 points) Page 9, problem 2. For each sequence, find a forula for the general term a,. For

example, answer n?, if given the sequence: 1,4, 9, 16, ....

(a)
4

" 81

b

Q| =
Nl )

Solution: First look at the numerator. It is obvious that the number for a,, = n. Now look at

the denominator. For each succesive term we simply multiply by 3 which gives us that

(b)
1, -2, +3, —4,...

Solution: If we look at the absolute value of each term, it increases by 1 each time. So |a,| = n.
The sequence also alternates so we need to multiply by (—1) each time. So our choices are

a,=(=1)"-nora,==1)"""n

Since the first term is positive we need the exponent of —1 to be even for n = 1 which gives us
that

ay = (1)
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9. (10 points) Determine whether each of the following sequences converges or diverges. If a

sequence converges compute its limit. If a sequence diverges state whether it diverges to +00, —co

or neither.

ol

(b)

(©)

3 + 5n?
n+n?
. . ) 3+5x2
Solution: The sequence has an associated function f (x) = g
X+x

Since lim f (x) = 5 we get that the sequence also converges to 5.
X—00

ol

Solution: Look at the sequence.

_2
ay = 1
22
ay = 31
_ 222 _(2)22 _ -
a; =357 = (5) 57 = (something less than 1 ) a, < a,
a, = %(13 < as

a, = %%-1 <n-1

So after the 2nd term each element of the sequence is smaller than the one before, and they are

all positive. So it converges to 0.

{(1+2))
Solution:The sequence has the associated function f (x) = (1 + %)x
Recall that if lim In (f (x)) = L then lim £ (x) = €~.

* 2
So we consider lim In {1 + —) = lim xIn (1 + —). This limit is an indeterminate form (oo - 0).

X—00 X X—00 X

So we use L’Hopital’s rule to get

In(1+2 el >
LI U B SERL

x—00 1 xX—00 i 3 x—oo | +
X

So we get that the sequence converges to e>.
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